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Quantum Channels

Definition

A quantum channel is a trace-preserving, completely positive map
oM, = M,.

The Kraus decomposition implies if ® : M, — M, is a quantum channel,
then there exists {Kj}le C M, such that

d
O(X) =D KXK;.
j=1

Note:
° 27:1 KJ*KJ = |, implies ® is trace-preserving.
° 27:1 KiK; = In implies ® is unital.
o tr(P(X)Y) = tr(XP(Y)) implies we can take {Kj}J‘-j:1 to be
self-adjoint.
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Random Quantum Channels

Viewing M, = C" ® C", we can examine ® through its Kraus operator

where WJ denotes the entry-wise conjugation of K.

What happens when we take {K;}{_; to be random matrices? What
information about K¢ can be obtained?

What information can we obtain about the distributions of tensor product
of random matrices?
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Random Tensor Matrices

Theorem (Lacien, Santos, Youssef; 2023)

Let Wy, ..., Wy be centred, self-adjoint random n x n matrices such that

o W, converges weakly in probability and expectation to ji; as n — oo,
° {Wj}f:l are in probability and expectation asymptotically free, and

o E (WJ ® WJ) converges weakly to 0 as n — 0.

Let a1, ...,aq be freely independent random variables with respect to ¢
with distributions ji1, . . ., ug respectively, and let
1 < _ _
Ban=—= D (Wi W —E (W; 8 Wj)).
j=1

Then in probability and expectation the distribution of Ay , tends to the
distribution of % Zle aj ® aj with respect to ¢ ® ¢ as n — oo.
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Tensors of Freely Independent Operators

Theorem (Lacien, Santos, Youssef; 2024)

Let (A, ¢) be a non-commutative probability space and let a € A be such
that p(a) = A and var(a) = 02 # 0. Let

2)2
52 = Var(a (29 a) and q= m € [0, 1)

Let (ak)k>1 be a sequence of freely independent copies of a in (A, ). Let
1 n
S = E — AL ® A1) € .
,, 6ﬁk:1(ak®ak X ) A A

Then the distribution of (Sp)>1 with respect to ¢ ® ¢ converges to

1 1
\/5 <\/§,U/sc S \/iusc) & V 1- qlhsc-
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What Type of Independence?

Lacien, Santos, Youssef commented:

“The difficulty in analyzing S, stems from the complicated dependence
structure exhibited by tensors, combining classical independence (between
the two legs of the tensor) and freeness (between the variables across
tensors). ... It would be of interest to design a general notion of
independence corresponding to the tensor case, analyze its properties,
derive the corresponding limit theorems, and characterize the
corresponding universal objects.”
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Bi-Free Independence

Definition (Voiculescu; 2014)

Let (A, ¢) be a non-commutative probability space. Pairs of unital
C*-subalgebras (A1, Ar1) and (A2, Ar2) of A are said to be bi-freely
independent if there exist Hilbert spaces H and unital homomorphisms
ak : Apk — B(Hk) and Bx 1 Ar x — B(Hi) such that the following
diagram commutes:

Ap1x Arg* Ago * Ar2 ! A Ld C

o1 * B1*xan * 3o Px

ALk P1 % Ak oo
B(H1) * B(H1) * B(H2) * B(H2) B(Hi * Ho)
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Examples of Bi-Free Independence

@ Given a free product group G = #xck Gk, {(A(Gk), p(Gk))}kek are
bi-freely independent with respect to 7¢.

e Given Iy factors {(M, 7ic) bkek, {(A(DMk), p(M,)) }kek are bi-freely
independent in (L2(*keK9ﬁk)a *keKTk)-
e Given (A, 1) and (B, ), (A,C) and (C, B) are bi-freely independent
with respect to 7 ® .
Theorem (S; 2024)

Let (A, ) be a non-commutative probability space. Let a1,...,a, € A be
free with respect to ¢ and by, ..., b, € A be free with respect to ¢. Then

{(ac ©1,1® 1)} U{(1 ®1,1® b)}ees

are bi-free in (A® A, ¢ ® ¢).
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Independence Inside Bi-Free Independence

Note if (A1, By) is bi-free from (Ap, Bz), then
@ A is free from A,,
@ Bj is free from B,,
@ A;p is independent from Bs, and
@ A is independent from Bj.
The converse does not hold! Moreover by [S, 2016]
@ Boolean independence can be modelled using bi-free independence.

@ (anti-)monotone independence can be modelled using bi-free
independence.

Thus all five notions of independence in non-commutative probability can
be studied via bi-free independence. Furthermore:

@ Free-Free-Boolean independence can modelled using bi-free
independence (Pepper; 2025).
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Bi-Free Central Limit

Theorem (Voiculescu; 2014), (Huang, Wang; 2016)

Let (A, ) be a non-commutative probability space and let ((Xk, Yk))k>1
be a sequence of bi-freely independent pairs in A such that X and Y} are
self-adjoint, [Xk, Yk] =0, o(Xk) = ©(Yx) =0, o(X?) = ¢(Y?) =1, and
©(XkYx) = ¢ for some c € (—1,1). Let

1 < 1 <
n \/ﬁ ; k an n \/ﬁ ; k
Then the joint distribution of (S,, T,) with respect to ¢ converges to

Rs=z2 V4 — x2\/4 — y?

472 (1 —c?)?2 — (14 c?)xy + c?(x% + y?)

dux,yy(x,y) = dx dy.
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Bi-Free Convolutions

Given a pair of self-adjoint operators (X, Y) in (A, ¢):
@ The two-variable Green's function is defined by

Gx,y(z,w) =o((z — X)_l(w — Y)_l)

for all (z,w) € (C\ R)2.
@ The reduced bi-free partial R-transform of (X, Y') is the power series
defined by

Rx y(z,w) = Z Knm(X,Y)Z"w™.

n,m>1
e (X1, Y1) and (Xz, Y2) bi-free implies
§X1+X2,Y1+Y2(Z? W) = RXI:YI(Z’ W) + "%Xz,yz(zﬂ W)'

o (Voiculescu; 2016), (S; 2016) showed
zw

 Gx,y (Kx(2), Ky(w))’

li’x7y(z, w)=1
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Bi-Free Convolutions

e (Huang, Wang; 2016) If [X, Y] = 0 and thus define a measure ji(x,y)
on R?,

<GX,Y(X +ie,y +i€) — Gx y(x +ie,y — ie)>

e\0
o (Voiculescu; 2016), (S; 2016) showed (X1, Y1) and (X2, Y2) bi-free
implies
Stxaxe,viv2) (2, W) = S(x,, 1) (2, W) S0, v2) (2, w).

e (Huang, Wang; 2018), (S; 2018) showed (X1, Y1) and (X2, Y2) bi-free
implies

O

5(;1X2»Y2Y1)(Z’ W) - 5(0)1:()17\’1)(2’ W)SE))Igz,Yﬂ(Z’ W)'
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A Different Approach

How can we handle bi-free independence?

Definition

A partition 7 on {1,..., n} is said to be non-crossing if whenever
i < j < k< /£ aresuchthat i ~; k and j ~, ¢, then i ~  j ~p k ~; L.

{1,2},{3,4}}  {1,31,{2,4}} {{1,4},{23}}

N ey WS v WS s svuvr S S O
3 1 2 3 4 1

..l
1 2 4 3 4

2
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Free Cumulants

There is a connection between non-crossing partitions and free probability
via the free cumulant functions:

p(X1-Xn) = DY ka(Xa,. ., Xn)
7weNC(n)

R, (X1, X)) = Y en(Xa, . Xn)une (T, 1)
weNC(n)

Theorem (Speicher; 1994)

Let {Ax}kek be unital C*-subalgebras of a non-commutative probability
space (A, ). Then {Ax}kek are freely independent with respect to ¢ if
and only if mixed free cumulants vanish; that is

Hln(Xl, 000 ,Xn) =0

for all Xj € Ay, provided kj, # kj, for some ji, ja.
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The Permutation

Let x : {1,...,n} — {¢, r} designate whether the k" operator is considered
a left operator (x(k) = ¢) or a right operator (x(k) = r). If

X ) ={ki < ko < - < kpp}
X '{r}) = {kmt1 > kmy2 > -+ > kn}

define the permutation s, of {1,...,n} via s(t) = k;.
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The Permutation

Let x : {1,...,n} — {¢, r} designate whether the k" operator is considered
a left operator (x(k) = ¢) or a right operator (x(k) = r). If

X ) ={ki < ko < - < kpp}
X '{r}) = {kmt1 > kmy2 > -+ > kn}

define the permutation s, of {1,...,n} via s(t) = k;.

Consider x : {1,...,7} = {£, r} with x71({¢}) = {1,4,6,7}.
Suppose Zi, ..., Z7 are operators (either left or right based on x) for which
we want to consider Zy - - - Z7).
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The Permutation
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ZE’L ZE'R Zé,R Zs, L ZE’R
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The Permutation

Let x : {1,...,n} — {¢, r} designate whether the k" operator is considered
a left operator (x(k) = ¢) or a right operator (x(k) = r). If

X ) ={ki < ko < - < kpp}
X '{r}) = {kmt1 > kmy2 > -+ > kn}

define the permutation s, of {1,...,n} via s(t) = k;.

Definition (Mastnak, Nica; 2014)

Given x : {1,...,n} — {¢,r}, a partition 7 of {1,...,n} is said to be
bi-non-crossing with respect to x if the partition 5;1 -7 (the partition
obtained by applying s;l to each block of 7) is non-crossing.
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Transferring Free Diagrams to Bi-Free

1 2 3 4 5 6
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Transferring Free Diagrams to Bi-Free

le—— 5
| 43
|
i |
S
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Bi-Free Cumulants

Theorem (Charlesworth, Nelson, S; 2015)

Let {(Ask, Ark)}kek be pairs of unital C*-subalgebras of a
non-commutative probability space (A, ). Then {(A¢k, Ark)}kek are
bi-freely independent with respect to ¢ if and only if mixed bi-free
cumulants vanish.

That is, for all x : {1,...,n} — {{,r}, e:{1,...,n} — K non-constant,

and Z,, € Ax(m),e(m)r

k(2 Z0) = Y pn(Zr, ..., Zo)usne(w, 1n) = 0.
TE€BNC(n)
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CLT for Quantum Channels

Lacien, Santos, Youssef's CLT can be obtained via bi-free computations.
It begins the same:

Definition

Given a partition m € P(n), the intersection graph of  is the graph whose
vertices are the blocks of m where two blocks are connected via an edge if
and only if they cross. Let PYi®(n) denote the set of all pair partitions 7
on {1,...,n} such that the intersection graph of 7 is bipartite and
connected.

Lemma (Lacien, Santos, Youssef; 2024)

If k, denotes the n'™® free cumulant of our target distribution, then

if nis odd
Kn =91 if n=2
2 (%)g |Phicon(n)| if nis even and n > 4
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Cumulants to Moments

Corollary

Let M, denote the n'" moment of our target distribution. Then M, = 0 if
nis odd, M> =1, and, if n is even with n > 4, we have that M, is

Z Mkl Mkz + Z Z 2 (g)l ‘,Pgicon(zjﬂlvlh T Mkzj'

0<ky,ko<n—2 J2>2 0<ky,...,koj<n—2j
ki+ky=n—2 ki+--+koj=n—2j
v
2 13 I
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The Bi-Free Computations

With
1
S =
N = (5\/7

we need show limy oo ( ® ¢

(ak ®ar— A ® )\1),

k

=
M=

2=H

~—

(5 ) = M.

Expanding (¢ ® ¢)(Sy) yields moments of the form

(p® ) (H Lok R@(k))

k=1

for maps 6 : [n] — [N].

Asymptotics, bi-freeness, and equal distributions allows us to pair up the
operators that occur. We then expand moments via bi-free cumulants, and
add over bi-non-crossing partitions with the same block containing the
first elements.
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The Bi-Free Diagrams
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Operator-Valued Free Independence

Replace (A, ¢) with (A, E) where E : A — B is a conditional expectation
of A onto a unital C*-subalgebra B.

Proposition

Let B be a unital C*-algebra and let { Ak }xek be freely independent unital
C*-algebras in a non-commutative probability space (A, ¢). Then

{Ak ® B}kek are freely independent over B with respect to
b=pRI: ARB = B.

When A = Lx(n) and B = M, one obtains the picture for random
matrices where ¢ = [E and tr o  are used.
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Operator-Valued Bi-Free Independence

Theorem (S; 2016)

Let B be a unital C*-algebra and let {(A¢k, Ark)}kek be bi-freely
independent pairs of unital C"-algebras in a non-commutative probability
space (A, ). Consider

A=AR B BP

and E : A — B by
E(T®x®y)=o(T)xy.

Then {(Axk @ B& 1, Ar k ® 1 ® B°P)} ek are bi-freely independent over
B with respect to E.

For 2 = Ls5(p) @ My, @ MpP, let LR : Ls5(p) ® M, — A be defined by

LfFeT)=fT®l, and RgeT)=go,T.

Paul Skoufranis (YorkU) Bi-Freeness and Tensor Random Matrices July 21, 2025



Bi-Free Matrix Models

Theorem (S; 2017)

If{ V\/J}fil are asymptotically freely independent with respect to tr o E,
then {(L(Wk), R(Wk)) 1221 are asymptotically bi-free independent with
respect to tro E.

Thus
= {(L(W}), RO}, U{(L(L), RO} ga

are asymptotically bi-freely independent with respect to tr o E. Hence if
W, converges weakly in probability and expectation to p; and ay, ..., aq
be freely independent random variables with distributions p1, ..., g, then
the joint distribution of I" tends to the joint distribution of

{110} u{(lel,10 )},

A form of Lacien, Santos, and Youssef's result immediately follows.
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Significance

Bi-free probability can solve problems involving mixing of lefts and rights.
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Thanks for Listening!
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