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Introduction

In a few papers, Liu noticed that by tweaking the definition of
bi-free independence, one could define other types of multi-algebra
independences. He developed the several common tools, like
central limit theorems and cumulants for these new independences.

But we do not discard bi-free independence. In fact, bi-free
probability remains robust in its ability to model these
independences. We will show that one can embed many of these
multi-algebra independences into bi-free families.
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Notations and Setup

» B will always denote a unital algebra over C.

» Triples of the form (A, E, ) will denote B-B-probability
spaces, where € : B ® B°P — A is a unital homomorphism,
and E is the corresponding expectation.

» Triples of the form (X,/'ot',p) will denote B-B-bimodules with
specified B-projections

X=BaX

» L(X) will denote the C-linear operators on X, while £; and
L, denote the left and right algebras of L(X). Ef(x) is the
expectation given by

Ecx)(T)=pT1g



Product Spaces

Given {(Xk,i’k,pk)}ke,(, form their reduced free product
(X, X, p), where

¥=Be@P P X0 s,
n>1 ky,....kn€K
kl;’é#kn
Then we have the following projections, for each k € K

> the k™ Boolean projection, Py « which projects onto the
subspace
Xy(k) =B X, CX

» the k™ monotone projection, Pk, if K is ordered, which
projects onto the subspace

X(<,k) = B@@ @ ?O(kl ®B--~®Bi’k,,
n>1 kg <-<kn=k



Bi-Free Independence (when B = C)

Definition

A family of pairs ' = {(Cx, Dx)}kek of unital subalgebras of A is
bi-free if for each k € K, there are (Xk,/'ofk,pk) and unital
homomorphisms

Ik . Ck — ,C(Xk) and rg - Dk — ,C(Xk)

and the joint distribution of I is equal to the joint distribution of
the family

AUk (Ch)), pr(ri(Di)) Y kek
in (ﬁ(X), EE(X))



Liu's Multi-Algebra Independences (B = C)

Definition (Liu, 2019)

In (A, ), let T = {(Ck, Dk) }kek be a family of pairs of
subalgebras of A. Suppose for each k € K there are (X, 5(;(, Pk)
and maps ¢; : C, — L(Xx), ri : Dx — L(Xx), and projections Py
and Qy such that the joint distribution of I' equals the joint
distribution of the family

{(PcM (€ (Ci)) Picy Qupi(rk(Di)) Qi) Yrek

in the the space (L(X), Eg(x)). Say Iis
» free-Boolean independent if Py = Iy and Qx = Py« for all
ke K,
» free-monotone independent if P, = Iy and Qx = P for all
ke K.



Free-Free-Boolean Independence (B = C)

Definition

(A, p) a non-commutative probability space. A family
M= {(A%, A7, ADY} ek of triples of subalgebras of A is
free-free-Boolean independent if for each k € K

> Af;, Al are unital, Af is not necessarily.

P there are (Xk,jc'k,pk) and homomorphisms
I AL = L(X), ot AL — L(Xk), and my : AL — £(X),

where ¢ and r, are unital,
the joint distribution of ' equals the joint distribution of the family

{k (AR, p(ric(AR)), PessicMc(mic(AR)) Ps i) Y e

in ([,(X), Eﬁ(/\»)).



Free-Free-Boolean Independence with Amalgamation

For general B, we work in (A, E, ). The definition remains the
same, but we require in addition for each k € K,

e(B® 1) AL e(B®1g) C AL and I : AL — Lo(Xy),

e(B®1g) AP (B ®1p) C AP and my : AP — L4(X)),

and

e(lg ® B°?) A} e(1g ® B°®) C A} and ry : Al — L,(Xk).



Lingering Independences

Note that if {(A%, Al, ALY} ck is free-free-Boolean over B, then
> {(AL, AL)}kek is bi-free over B,
> {Ab},ck is Boolean independent over B, and

> {(A%, AP)} ek is free-Boolean over B, in the sense of Liu +
Zhong.



Bi-Free Representation of Boolean Independence

Skoufranis (2015) had the following construction to represent
Boolean independence with bi-free operators. Starting with a
B-valued probability space (A, ®), consider

(Ao A,;l @& A, d40). For Z € A consider

T2(Z1® ) =22 D0,

and
515(21 D ZQ) =0 4.

Then if {AP}4ck is Boolean over B, for each Z € AP, send

Z — M(Tz2)pi(S15)-



Bi-Free Boolean B-Systems

Definition (Skoufranis, 2015)
Let {(Cxk, Dk)}kek be bi-free in (A, E,¢). For each k € K, let

C,CC and D, C D NA

be subsets such that L,C;, C; Ly, C C; for all b € B. Then
{Ci. D\ }kek is a bi-free Boolean B-system if for all k € K and
n>0,

L (G)? = {0} = (Dy)%,

2. E(C(D,C)") = {0}, and

3. E(D4(¢[D})") = {0}.
Skoufranis showed that for such a structure, the family
{alg(C,D;)}kek is Boolean independent over B.



Embedding Result for Boolean Independence

Theorem (Skoufranis, 2015)

Given a Boolean independent family {Ax}kek in (A, ®), there is a
bi-free Boolean B-system {C,, D, }kek in some (Ao, E,€) and
injective B-linear maps By — C, D) such that

E(Br(Z1) - Br(Zn)) = (21 - Zp)

for all Z, € Ax,,, km € K.

We build a close analog of this process, and aim for an analogous
result for free-free-Boolean independence.



Adjusting for free-free-Boolean Independence

The construction works almost the same, except we need to keep
track of lefts and rights simultaneously. So we need a proper
faithful representation of A as operators. We use the following
construction from [Nelson, Charlesworth, Skoufranis, 2015]:

Given (A, E,¢), let
A= B® (ker(E)/span{TLy — TR,|T € A, b € B})
Now let 6 : A — L£(A) be the homomorphism such that
0(T)(b) = E(TLp) ® q(TLp — Le(71,))

and
0(T)(a(A)) = E(TA) ® q(TA — Lg(7a))



Operator Representation

Now consider the space (;l oA ABAESD 0), and as before,
define for each Z € A, let

Tz(al &) 32) = 9(2)32 ) 07

and
Sig(a1 @ a2) =0 a;.

But now we also consider operators Dz defined by

Dz(al D 32) = 9(2)31 D 9(2)22.

Given a free-free-Boolean independent family {(A?, A7, AP)} ek,
for each Z; € Af;,Zg € AL, and Z3 € Af send

1= )\k(Dzl), Zo > pk(DZ2), and Z3 — >\k(TZ3)Pk(513)-



Bi-Free ffb B-systems

The abstract structures we get then look like
Definition
Consider a family {(Aﬁ,AL, Ci, D)} ke of quadruples of
subalgebras of A such that (A%, AL) is a pair of B-faces for each
k € K, and the family {(alg(A%, Cx),alg(A%, Di)}kek is bi-free.
For each k € K, let C; C Ci and D; C Dy, N Ay be subsets such
that L,C}, C/L, C C} for all b€ B. Then {A{, AL, Ci, D} }kek is
a bi-free ffb B-system if for all k € K and n > 0,

1. CLA«C, = {0} = D, AxDy,

2. E(AkCLAk(DLAkC;()"Ak) = {0}, and

3. E(AkDA(CLAKD,)"Ay) = {0}
where Ay = alg(AL, AL).



Towards a Complete Embedding Result

Our construction above gives an embedding of a free-free-Boolean
independent family {(Af, A%, AP)}ick into a bi-free fib B-system
that preserves the individual joint distributions (for fixed k € K).

To guarantee total joint distribution preservation, we need to know
that for a bi-free ffb B system {(A%, AL, C/, D,)}kek, that the
family {(Af, AL, alg(C,D}))}kek is free-free-Boolean independent.

We turn to some combinatorics for help.



Interval Bi-Non-Crossing Partitions

Liu observed that the appropriate partitions to use for the
free-free-Boolean cumulants are the interval bi-non-crossing
partitions. They arise from labelings x : {1,--- ,n} — {¢, r, b}.
For example, n =6 and x~1({¢}) = {1,6} and x"}({b}) = {3,5},
then consider

7 is an interval bi-non-crossing partition, while ¢ is not.



Comparison with Bi-Non-Crossing Diagrams

Replacing each Boolean-labeled number a connected left and right
should give us the same combinatorial behaviour.

! L Y)
30------ {

E ¢4
5O------



BNC(X)

Given n€ Nand ¢ : {1,...,n} = {¢,r, b}, let

X {L...,n+[R7Y{B})|} — {¢,r} be the labeling obtained by
replacing all instances of b in X with £r in that order. Let
fF(i)=1i+ | *({b})N[L,i—1]| for each i € {1,...,n}.

Let BNG, () € BNC(x) such that whenever m € BNCe, () and
i € X"1({b}), then £(i) and f(i + 1) share a block of 7.

It follows that BNGq,(X) is an interval of BNC () with maximum
element 1,. So we can restrict ugyc to BNGep () to get the
Mobius inversion on BN G, (X)-



Operator-Valued Bi-Multiplicative Functions

Definition

In (A, E,e), fix x : {1,...,n} = {¢r}, m € BNC(x), and
Zi,...,Zy € A. Define Ex(Z1,...,2Z,) € B recursively. Let V be
the block of 7 with largest minimum element.

> If =1y, then Ex(Z,...,Zn) = E(Z1--- Z»).
» If there is some k such that V = {k+1,...,n}, then

E(Zi,. . Z0) = Exye(Z1y -, Zeleze, o 22)

» Otherwise min(V') is adjacent to a spine, say of the block W.
Let k be the smallest element of W such that k > min V,
define

E7|-(Zl7 .. .,Zn) = Eﬂvc(Zl, .. .,C\/Zk, .. .,Zn),

where cy = LE7(|V(ZI’~--1Zn) if x(min(V)) = ¢ and
cy = RE,T|V(Z1,...,Zn) otherwise.



A Simple Example

Consider the partition given by the diagram

[y

@)} e
- - @9----@------@ -~

Then
Er(Z1,...,Zy) = E(Z122RE(z,25)LE(2,) Z6)-



Vanishing of non-BNCg, () moments

Theorem

Let {(A%, AT, C,D;)}kek be a bi-free ffb B-system in (A, E,¢).
With n € N, X, x, f, as before, n' = n+ |¥~*({b})|, and let
e:{1,...,n"} = K such that (i) = €(i + 1) whenever
icf(XL({b})). Let

Af((;i)) ifie f({1,...,n}\ g 1({b})
ZiedCly ifief(RH({b})

Dé () otherwise

Then
E(Z,...,Zy)=0

Unless m € BNCffb(}%).



Sketch of Proof - |

We simply show that if i € {~1({b}) with (i) and f(i) + 1 not
sharing a block of 7, then

EW(Zla e aZn/) =0.

The argument is inductive, but largely illustrated by a base case.
Let f(X1({b}) ={ih < - < in}. Let i € V € 7 and suppose
h+1leW#V.

Consider two cases corresponding to V. Either there is some j > ij
such that x(j) = r and j € V, or there is no such j.



Sketch of Proof - Case 1

In the first case, we have a diagram that looks like

’.1¢— ! W :

1
1
_-I 1
- [
IO‘, ‘ -
1
1
1
1
1
1

In which case, E |, (Z1,...,Z,) = 0 by definition of bi-free ffb
B-system. This implies that E;(Z1,...,Z,) = 0.



Sketch of Proof - Case 2

Otherwise we get a diagram like this

i1+TI |
5: | i +1
io® : !
: -t ®i,+1
I_______Tr _______
In which case Eﬂ|v(217 ..., Zn) =0, so our moment

Ex(Zi,...,Z,) =0.



The Final Stretch

Our goal is to show that given a bi-free ffb B-system
{(Ai, AL, C., D)} kek, it should follow that the family
{(A%, AL, alg(CiD}))Ykek is free-free-Boolean independent over B.

To do so, we need to be able to associate our representation with
the definition. That is, if Z = ScSp € alg(C, D;) then how do
M(Sc)pi(Sp) and Py kAi(mi(Z)) Py« compare in expectation,
when mixed in with other operators?

The most convenient tool for the job appears to be the LR
diagrams.



LR diagrams

LR-diagrams are combinatorial tools, similar to the bi-non-crossing
partitions, but where spines are allowed to reach the top gap.
Consider for example

19| 16|

20 : 20 :
: ¢3 : ¢3

4 : 4 :

________________



The LR Diagram Calculus - |

The most useful property for our purposes is that these diagrams
used to keep track of the vector components of the left and right
actions of operators on free product. Suppose we have (C’, D')
and (C”, D") which are bi-free. Let

)‘e i ge i Z if Z; € Ce(i)
1i(Z) = (i) (L) (£0)) |

Pe(i)(fe(i)(Zi)) otherwise
Then

1(Z1) - pn(Za)le = Y cpEp(pa(Z), ..., 1n(Zn)),
DeLR(x,e)

for some constants CcD.



The LR Diagram Calculus - Il

Here the Ep correspond to the vector components as follows. Take
for example the diagram D; before, and let n = 4, ¢(4) =" and
6(1) = 6(2) = 6(3) =/ Then

Ep, (11(21), p2(22),13(2Z3), pa(Zs)) =
(1-p)aZolpg® (1 —p")Z41p® (1 —p')Z31p



Boolean Projections with LR diagrams

Boolean projections annihilate many diagrams when they are first
applied. Consider for example the product

(11(Z1)P" n2(Z2) 13 (Z3) pa(Za)1s,

then looking at diagrams that appear therein,

Here Ep, would get annihilated by the projection P”, while Ep,
would not.



Showing Free-Free-Boolean Independence - |

We need an arbitrary moment of elements of
{(A%, A7, alg(CL D) }kek- So pick Zi,...,Z, such that

7 c f((")) Ifx()#b.
aIg(C’( )Dg( y)  otherwise

If X(7/) = b then let Z; = Sc¢ ;Sp, where S¢, € Cé(,.) and
SD, S DE( )

For each k € K let (Xk,)o(k,pk) be a copy of (A, A, E) and let
Ly, ri, my be restrictions of the map 6. Let (X, X, p) be their
reduced free product. Let
Ae(iy(Le(iy(Zi)) if X(i) =
1i(Zi) = 4 peiy(reqiy (i) if X(7)=r

Py e(iyNe(iy(me(iy(Zi))Poeiy  if X(7) =



Showing Free-Free-Boolean Independence - Il
We only need to see that

EA(Zy- - Za) = Ecgo(in(Z2) - in(Z0)).

Let Try = Zi if i ¢ X2({b}), Try = Sc.i if i € K7({b}), and
Tf(,')_|_]_ = SD,i for i € )%71({[)}) Then

T Ty=21-Zn
So we get
Ea(Zi-Zn) = Ea(Ty Tw) = Egay(pa(Ta) - o (i),

which equals

pra(T1) - o (To)le = p D> coEp(pa(Th),- - o (Tw)
DELR

Idea is then to add in the Boolean projections and separate the

diagrams into those which respect the Boolean projections and
those which get annihilated by them.



Showing Free-Free-Boolean Independence - IlI

Note that if i € {~1({b}) then

Puer iyt (i) ( Te (D)) e (iy+1( Tr(iy+1) = fi(Z)

Let A C LR(x,¢) be the collection of diagrams which get
annihilated by any of the Boolean projections when added in the
correct location.

So that

pi(T1) - (To)lg = fir(Z1) -+~ fin(Zn)1e + 1

where

n=_ coEo(u(T1),- -, pw(Tw)).
DeA

But it is easy to see that pnlg = 0 since we get only those
diagrams corresponding to bi-non-crossing partitions which aren’t
in BNCs(X), which we know have expectation 0.



Concluding Remarks

As noted earlier, representing free-free-Boolean independence gives
us a representation of free-Boolean independence.

Skoufranis also had a representation of monotone independence
between two algebras. Though the finer details haven't yet been
checked, it seems likely that a similar process yields an embedding
of free-monontone for two pairs of algebras.



Thank you for listening!



