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Overview

We consider random matrices X = Xy € My(C)®" = My (C) satisfying
the local unitary invariance (LUI):

X =probdise UXU*, YU =Q"_, Us e U".
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Overview

We consider random matrices X = Xy € My(C)®" = My (C) satisfying
the local unitary invariance (LUI):

X =probdise UXU*, YU =Q"_, Us e U".

Main question

What can be expected about the convergences of LUl random matrices in
the limit N — co? For example,

Xn, Yn: indep, LUI, each having a limit = 3 limit of Xy + Yn?
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Overview
We consider random matrices X = Xy € My(C)®" = My (C) satisfying
the local unitary invariance (LUI):

X =probdise UXU*, YU =Q"_, Us e U".

Main question
What can be expected about the convergences of LUl random matrices in

the limit N — co? For example,

Xn, Yn: indep, LUI, each having a limit = 3 limit of Xy + Yn?

— Answered via “tensor free probability” !
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@ Free independence and unitary invariance

© Tensor free independence and local unitary invariance

© Tensor free central limit theorem
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Unitary invariant random matrices

A family W C My(L>~(P)) of N x N random matrices is called unitary
invariant if

W —prob.distr Uwu* = {UXU* ‘ X e W}, YU eUy.

— X — =distr — U — X — U* —
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Unitary invariant random matrices

A family W C My(L>~(P)) of N x N random matrices is called unitary
invariant if

W —prob.distr Uwu* = {UXU* ‘ X e W}, YU e Uy.

— X — =distr —| U — X — U*

EXAMPLE:
o (Independent) GUE matrices,

o (Independent) Haar random unitary matrices,

o UWU* where U is a Haar random unitary matrix and W is
deterministic (or possibly random independent from U).

° {U, UT} is not Ul even if both U and UT are Ul.
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Unitary invariance and asymptotic freeness

Let tr := %Tr.

Theorem (Voiculescu 1991, 1998; Collins 2003)

W( ). W( ). independent N x N random matrices such that
@ each WI(V) is unitary invariant (except possibly one),
@ each W,(\;) converges in distribution i.e.,
: (i) . .
NIE)nOOIE [tr(P(WN )} exists for all polynomials P,
e factorization property: for i € [L] and polynomials P;,
E[tr(Py(W)) -+ tr(P-OVY))] = TTjs E[tr(P V)] + o(2).
Then W(l) e W,(VL) are asymptotically freely independent as N — oc.
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Unitary invariance and asymptotic freeness

Theorem (Voiculescu 1991, 1998; Collins 2003)

W,(Vl ), e W,(VL): independent N x N random matrices such that
@ each W,(\;) is unitary invariant (except possibly one),
@ each W,(\P converges in distribution,
e factorization property: for i € [L] and polynomials P;,
E[tx(PyOV))) - tr(PrOW))] = Ty E[ex(Pi(W))] + o(2).
Then W(l) . .W,(VL) are asymptotically freely independent as N — oo.

REMARK:
o If Xy is Hermitian and Xy 5% x (in expectation), then
Xy satisfies the factorization property < Xy LSV probability.
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Unitary invariance and asymptotic freeness

Theorem (Voiculescu 1991, 1998; Collins 2003)

W,(Vl ), e W,(VL): independent N x N random matrices such that
@ each W,(\;) is unitary invariant (except possibly one),
@ each W,(\P converges in distribution,
e factorization property: for i € [L] and polynomials P;,
E[tx(PyOV))) - tr(PrOW))] = Ty E[ex(Pi(W))] + o(2).
Then W(l) . .W,(VL) are asymptotically freely independent as N — oo.

REMARK:

. . dist : .
o If Xy is Hermitian and Xy - x (in expectation), then

Xy satisfies the factorization property < Xy ISt in probability.

e Variants: a.s. / higher-order / strong convergence, etc.
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Unitary invariance and asymptotic freeness

Theorem (Voiculescu 1991, 1998; Collins 2003)

W,(\,l ), ey W,(VL) : independent N x N random matrices such that
@ each W,(\;) is unitary invariant (except possibly one),
@ each W,(\;) converges in distribution,
e factorization property: for i € [L] and polynomials P;,
E[tr(Py(W)) - - tr(POVY))] = TTj: E[tr(P V)] + 0(2).
Then W,(\}), . W,(VL) are asymptotically freely independent as N — oo.

@ The asymptotic freeness remains valid for
> (Dykema 1993) Wigner matrices,
» (Collins and Sniady 2006) Orthogonal invariant matrices.
e (Male 2020; Cebron, Dahlqvist, and Male 2024) Permutation
invariant matrices and traffic independence.
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Partial order between permutations
Let |- |: Sp — Z>¢ be the length function:

la| :=min{k >0 | a =774 for some transpositions 71,...,7x}.

o |a| = p— #a for a € Sp, where #« is the number of cycles in a.
o (Triangle inequality) |af| < |a| + 8], «,B € Sp.
o “B<aif |8+ |87 tal = |al, ie., id, — B — ais a geodesic.
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Partial order between permutations
Let |- |: Sp — Z>¢ be the length function:

la| :=min{k >0 | a =774 for some transpositions 71,...,7x}.

o |a| = p— #a for o € Sp, where #a is the number of cycles in a.
o (Triangle inequality) |af| < |a| + 8], «,B € Sp.
o “B<aif |8+ |87 tal = |al, ie., id, — B — ais a geodesic.

Proposition (cf. Textbook of Nica and Speicher)
o < defines a partial order on Sp.

{565 }B<’yp} = (NC(p), <) where v, :==(12 --- p) and
NC(p) is the set of non- crossmg partitions of [p] := {1,2,...,p}.
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Partial order between permutations
Let |- |: Sp — Z>¢ be the length function:

la| :=min{k >0 | a =774 for some transpositions 71,...,7x}.

o |a| = p— #a for o € Sp, where #a is the number of cycles in a.
o (Triangle inequality) |af| < |a| + 8], «,B € Sp.
o “B<aif |8+ |87 tal = |al, ie., id, — B — ais a geodesic.

Proposition (cf. Textbook of Nica and Speicher)
o < defines a partial order on Sp.

{565 }ﬂ<fyp} = (NC(p), <) where v, :==(12 --- p) and
NC(p) is the set of non- crossmg partitions of [p] := {1,2,...,p}.

EXAMPLE: For 74 = (1234),

(14)(23) < 4 and (134) < 74 while (13)(24) £ va and (143) £ 74
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Moments associated to permutations

Let (A, ¢) be a NC probability space with a tracial state . Let us define

Va(X1, ..., xp) = H o(xiy -+ xi,), € Sp.
ce Cycle(a)
CI(il i2 in)

© ©(13)(624)(5) (X1: - - -, X6) = P(x1x3) (X6 x2x8)(X5).-

e e
aZaEs

: T T2 iEp:
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Free cumulants from permutations

Free cumulant k, : AP — C is defined from the moment-cumulant relation

Val(X1,. .., Xp) = Z ka(X1, ... Xp)

BeSy L
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Free cumulants from permutations

Free cumulant k, : AP — C is defined from the moment-cumulant relation

Val(X1,. .., Xp) = Z ka(X1, ... Xp)

BeSy L

e By Mabius inversion, kq(X1,...,Xp) = Z ©s(x1, .- -, xp) MBb(B 1)
Bl
where Méb(o) = H (—1)ll Cat|c| is the Mobius function.
ceCycle(o)
® Kp = Ky,
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Free cumulants from permutations

Free cumulant x, : AP — C is defined from the moment-cumulant relation

Val(X1,. .., Xp) = Z ka(X1, ... Xp)

BeSy L

e By Mabius inversion, kq(X1,...,Xp) = Z 0a(x1, - -+, Xp) MSb(B 1)
Ba
where Méb(o) = H (—1)ll Cat|c| is the Mobius function.
ceCycle(o)
® Kp = Ky,

Theorem (Speicher 1994)

Wi, ...,W C (A, ) are free if and only if every mixed free cumulant
vanishes: kp(Xjy, ..., X;,) = 0 whenever x; € W, and ij # ix for some I, k.
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Free cumulants from permutations

RECALL: (x1 -+ Xp) = D renc(p) fin(X1s -5 Xp).

For a function f : [p] — [L], define the partition

Ker f:= {f71(i) | i € £([p])} € P(p).

Corollary (Joint distribution from free cumulants)

Wi, ...,W C (A, p) are freely independent if only if for every function
f:[p] — [L] and x; € We(j),

90 XP) Z HKW“ 1(i) XJ jEF~ 1( ))

TENC(p), i
w<Kerf

Sang-Jun Park (CNRS) Tensor freeness and CLT May 2025 12 /34



Outline

© Tensor free independence and local unitary invariance
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Tensor distribution of matrices

Definition (Collins, Gurau, and Lionni 2023)

For XM ... X(P) € My(C)®", define the trace invariant associated to
a=(ai,...,ar) € (Sp)" by

p r p
Trg(X(l)’ .. 7X(P)) = Z (H Xi((f)) 0 j(k)> H (H (Sis(as(k)),js(k)> .
el AR

all indices s=1 \k=1
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Tensor distribution of matrices

Definition (Collins, Gurau, and Lionni 2023)

For XM ... X(P) € My(C)®", define the trace invariant associated to
a=(ai,...,ar) € (Sp)" by

p r p
TrQ(X(l)’ .. 7X(P)) = Z (H Xi((’k‘)) 0 j(k)> H (H (Sis(as(k))’js(k)> .
oo k=1

all indices \k=1 s=1

1 2 3
b TI‘(12)(3)7(1)(23)(X(1)7 X(z)’ X(3)) = Z X3(1111,32b1X8(2t))2731b3X3(3133,33b2

a1,2,3,b1,2,3€[N]

)

X; X5 X3

—=JC )
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Tensor distribution of matrices

Definition (Collins, Gurau, and Lionni 2023)

For XM ... X(P) € My(C)®", define the trace invariant associated to
a=(o,...,ar) €(Sp)" by

p r p
Trg(X(l), e ,X(p)) = Z <H X’,((f)) i 00 j(k)> H (H 5is(as(k))’js(k)> .
Lo K ) o) \k=1

all indices \k=1

® Tr1o)3),12)(3) (X1, X2, X3) = Tr(X1 X2) - Tr(Xs) = Tr(10)3)( X1, X2, X3).

8 UG

X1 X5 X3

a (=)
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Tensor distribution of matrices

Definition (Collins, Gurau, and Lionni 2023)

For X ... X(P) € My(C)®", define the trace invariant associated to
a=(ai,...,ar) € (Sp)" by

p r p
TI‘Q(X(l), ... 7X(F’)) = Z (H Xi((‘,:)) 00 j(k)> H ( 6i§as(k))7j£k)> .
1 e Ty i 1

all indices \k=1 s=1 \k=

o Try = Tr, if as = 0. In particular, Try (X1,...,Xp) = Tr(Xy--- Xp).
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Tensor distribution of matrices

Definition (Collins, Gurau, and Lionni 2023)
For X ... X(P) € My(C)®", define the trace invariant associated to
a=(ai,...,ar) € (Sp)" by

p r p
TI‘,X(X(l), ... 7X(F’)) = Z (H Xi((f))..‘i(k) j(")..‘j(k)) H (H (Sl.s(as(k))d-s(k)> .

all indices \k=1 s=1 \k=1

o Trq =Tr, if as = 0. In particular, Try, (X1, ..., Xp) = Tr(X1 -+ - Xp).

@ Tr, is invariant under local unitaries:

Tro(UXOU*, ... UXPIU*) = Trg (XD XP)), U= ®1_, Us.

o o 1
e Tensor distribution = data of (E o try := fzmm—7rE© Trg)geu,?il(sp)’

for a family of random matrices Wy C My" (L (P)).
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Algebraic tensor probability space

Definition (Nechita and P., 2025+)
An r-partite (algebraic) tensor probability space is a triple (A, ¢, (¢¥a)):
o (A, ) is a NC probability space with a tracial state p,

e foreachp>1anda € (Sp)", o : AP — C is a multilinear functional
satisfying ‘reasonable conditions”, e.g. ¢, = ¢, Whenever as = 0.

v
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Algebraic tensor probability space

Definition (Nechita and P., 2025+)
An r-partite (algebraic) tensor probability space is a triple (A, ¢, (¢¥a)):
o (A, ) is a NC probability space with a tracial state p,

e foreachp>1anda € (Sp)", o : AP — C is a multilinear functional
satisfying ‘reasonable conditions”, e.g. ¢, = ¢, Whenever as = 0.

v

EXAMPLE:
0 (MN(C)®r7 tI‘, (trg))
Q (A%, 0% (QL_1 ¢a,)) Where (A, ) is a NC probability space.
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Tensor free cumulants and tensor free independence
Definition (Nechita and P., 2025+)
@ The tensor free cumulants ko : AP — C for ae € (Sp)" is defined by

PalXt,. .., Xp) = Z KZ@(Xl,...,Xp)_
B:Bs<as Vs
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Tensor free cumulants and tensor free independence

Definition (Nechita and P., 2025+)
@ The tensor free cumulants ko : AP — C for ae € (Sp)" is defined by
Va(X1y. ., Xp) = z Ka(X1, -5 Xp)-
é: Bs<as Vs

Q Unital subalgebras AV, ..., A(Y) of A are called tensor freely
independent (or tensor free) if every mixed tensor free cumulant
vanishes, i.e.,

Ka(X1,...,Xp) = 0 whenever x; € Ay, f(k) # f(I) for some
k,l € [p), and () Vp --- Vp M(a,) = 1p
where 1 : S, — P(p) is the natural projection.

EXAMPLE: if x,y € A are tensor free, then
K(12)(3), 23)(X Y, x) = K(12)(3),(1 23)(X x,y) =0.
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Tensor free cumulants and tensor free independence

Definition (Nechita and P., 2025+)
o SOQ(le"'aXp): Z Hé(Xl,...,Xp).
B:Bs<as Vs

Q@ AN, ... AW are tensor free if ko(x1, ..., Xp) = 0 for every mixed
tensor free cumulant.

REMARK:
0 Kol(Xi,...,Xp) = Z Xty X <HMob )
é: Bs<as Vs

@ Tensor freeness —» the joint tensor distribution depends only on the
marginal tensor distributions : for every a € (Sp,)" and x; € A(U)),

Palxt;-- - xp) = Z H k|- 1(,)((XJ jef-1 )

Vs:Bs<as, i€[L]
Vp N(Bs)<Kerf
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Tensor free cumulants and tensor free independence

Definition (Nechita and P., 2025+)
Q va(x1,...,xp) = Z Kkp(X1s ..oy Xp).
é: Bs<as Vs

Q@ AWM ... AW are tensor free if ko(x1, ..., Xp) = 0 for every mixed
tensor free cumulant.

REMARK:
0 Ka(X1,.. ., Xp) 1= Z wp(xt, .-y Xp) <H Méb(ﬁs_las)>.
s=1

B:Bs<as Vs

@ Tensor freeness — the joint tensor distribution depends only on the
marginal tensor distributions.

o If r =1, ko = ko and free = tensor free.
o If s1, 55 are free semicircular elements, then s; ® s; and s, ® s, are
tensor free while they are not free.
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Result 1: Local unitary invariance and tensor freeness

RECALL trg = WTI'Q

Theorem (Nechita and P., 2025+)

W(l) ey ,(VL) : independent families of N" x N" random matrices s.t.

@ each W,(\;) is local unitary invariant (except possibly one),

@ each W,(\;) converges in tensor distribution:

lim E [tro(X1,...,Xp)] exists for all X; € W( i) and a € (Sp)",
N—o0 -
e ‘tensor” factorization property: for a € (Sp)", B € (Sq)", and
Xl,...,Xp, Yl,...,Yq GW,(\;),
E [traus(X, )| = Eltra()IE[trs(Y)] + o(1).

Then W(l) . W,(VL) are asymptotically tensor free as N — oo.
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Result 1: Local unitary invariance and tensor freeness
Theorem (Nechita and P., 2025+)

W,(Vl ), e W,(VL) : independent families of N" x N" random matrices s.t.

@ each W,(\;) is local unitary invariant (except possibly one),
@ each W,(\;) converges in tensor distribution:
lim E [tro(X1,...,Xp)] exists for all X; € W,(\;) and a € (Sp)",
N—oo -
@ + “tensor” factorization property.

Then W,(\}), e W,(VL) are asymptotically tensor free as N — oo.

Idea of proof: apply (graphical) Weingarten calculus to show that

L
. f(1 f
NlinooE [trg(X,(V’g ))7 ... ’XI(\I,E)p)) } — Z H K§|f71(i)(()g)jef_1(’-))_

Vs:Bs<as, i=1
N(Bs)<Kerf
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Partial transpose and free independence

QUESTION: Can we find examples of non-independent random matrices
which are asymptotically tensor free?
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Partial transpose and free independence

QUESTION: Can we find examples of non-independent random matrices
which are asymptotically tensor free?

Examples for free independence:

o (Mingo and Popa 2016) If X is Ul, then X and X T are asymp. free.
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Partial transpose and free independence

QUESTION: Can we find examples of non-independent random matrices
which are asymptotically tensor free?

Examples for free independence:

o (Mingo and Popa 2016) If X is Ul, then X and X T are asymp. free.

e (Mingo and Popa 2019) If X = GG* is an N? x N? Wishart matrix,
then all the partial transposes

X, (Teidy)(X), ([dyveT)(X), XT =(TeT)(X)
of X are asymptotically free.
o (Mingo and Popa 2024) The same holds if X € M§?(L>~ (P)) is UL
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Result 1': Partial transpose and tensor freeness

Theorem (Nechita and P., 2025+)
Let Xy be an N" x N" random matrix such that
e Xy is (globally) unitary invariant,

o Xy converges in distribution and satisfies the factorization property.
Then, the family of 2" partial transposes of Xy

{(d)l & - ®¢r)(XN) ’ P, € {idN, T} VS},

becomes both asymp. free and asymp. tensor free as N — oo.
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Result 1': Partial transpose and tensor freeness

Theorem (Nechita and P., 2025+)
Let Xy be an N" x N" random matrix such that

e Xy is (globally) unitary invariant,

o Xy converges in distribution and satisfies the factorization property.
Then, the family of 2" partial transposes of Xy

{(¢'1 & - ®¢r)(XN) ’ P, € {idN, T} VS},

becomes both asymp. free and asymp. tensor free as N — oo.

In particular, for a Ul matrix Xy having (usual) distribution limit,
@ Xy converges in tensor distribution,

o All partial transposes (®1 ® --- ® ®,)(Xy) converges in tensor
distribution.

Similar statement can be shown for orthogonal invariant random matrix.
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Outline

© Tensor free central limit theorem
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Free CLT

Theorem (Voiculescu 1983; 1985)

Let {x;}72, C (A, ) be a sequence of centered, identically distributed,
and free elements. Then ﬁ(xl + -+ 4 xy) converges in distribution to a
semicircular element of variance 0 = p(x2):

/\IITOOSO((\/LN(XI +~-XN)>p> = ap/xpdusc(x), p>1.
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Free CLT
Theorem (Voiculescu 1983; 1985)

Let {x;}22; C (A, ) be a sequence of centered, identically distributed,

and free elements. Then ﬁ(xl + -+ xy) converges in distribution to a
semicircular element of variance (x?).

Simple argument using free cumulants:

X1+ -+ Xy
pp (T

ko(x1) = o(x3) if p=2,
NG ):N_P/2.NHP(X1)—>{O() Plq) ifp=2

otherwise.
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Free CLT

Theorem (Voiculescu 1983; 1985)

Let {x;}22; C (A, ) be a sequence of centered, identically distributed,
and free elements. Then ﬁ(xl + -+ xy) converges in distribution to a
semicircular element of variance (x?).

Simple argument using free cumulants:

x|+ Xy _ ro(x1) = p(x3) if p=2,
AT TANY NP2 N -
Kp( VN ) o) 0 otherwise.

RECALL: M : S, — P(p), the natural projection.

Proposition

If x1,...,xk are tensor free and o € (Sp)" satisfies

k
M(a1) Vp - - Vp M(ar) = 1p, then ko(x1 + -+ Xxk) = ng(x;).
i=1

T = = ")

Sang-Jun Park (CNRS) Tensor freeness and CLT May 2025 27 /34



Result 2: Tensor free CLT

Theorem (Nechita and P., 2025+)

Let {x;}2; C (A, ¢, (va)) be a sequence of centered, identically tensor
distributed, and tensor free elements. Then

1 /
W(Xl-F"'-I-XN) — Z K,Q(X]_)Sg
a€(S2)"\{idz}

in tensor distribution as N — oo, where (s,) are tensor free family of
semicircular elements with

O ifp=2, .
ra(sa) =4 =7 D, Be(S)-
= 0 otherwise,

In particular, the corresponding limit is universally governed by 2" — 1
semicircular elements.
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Result 2: Tensor free CLT

Theorem (Nechita and P., 2025+)

Let {xi}?2; C (A, ¢, (va)) be a sequence of centered, identically tensor
distributed, and tensor free elements. Then

TR how) = Y. \rala)sa

a€(52)"\{id2}

in tensor distribution as N — oo, where (s,) are tensor free family of
2" — 1 semicircular elements.

o r =1: Free CLT.
@ r = 2: governed by three semicircular elements

51 1= Sypjidyy 52 "= Sidp,yes S12 f= Syp,y0

s1 and sy are (classically) independent,
where
si2 and {s1,sp} are free.
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Result 2: Tensor free CLT

@ Indeed, 51 :=5,,id,, $2:= Sidy,y», S12 := Sy,,4, Can be understood

as a tensor distribution limit of tensor GUE models:
®-distr
G ® In, In® Go, Gio ——— s1, 2, S12
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Result 2: Tensor free CLT

@ Indeed, 51 :=5,,id,, $2:= Sidy,y», S12 := Sy,,4, Can be understood
as a tensor distribution limit of tensor GUE models:

G ® Iy, In® Gy, Gi2 AN S1, S2, S12

Ale - J— —
G12
4G2k J— —

o For general r > 2, the family (sa)ae(s,)r n\{id,} are e-free wrt the graph
=(V,E): V= {IC[rHI;AQ} (IL)H)eEiffINnd=g.

123

L]
23 31 12
L]
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Application: CLT for tensor products of free variables

Suppose that {a;}7°; C (A, ) is a family of self-adjoint, identically
distributed free elements with mean ((a;) = A and variance var(a;) = o2.
Consider the identically tensor distributed and tensor free elements

xi = a; @ aj € (A%, 092, (@a; @ Pa,)).
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Application: CLT for tensor products of free variables

Suppose that {a;}7°; C (A, ) is a family of self-adjoint, identically
distributed free elements with mean (a;) = A and variance var(a;) = o2
Consider the identically tensor distributed and tensor free elements

Xi'=aj®aj € (A®2,g0®2, (Par ® Pay))-

Corollary (Lancien, Santos, and Youssef 2024; Skoufranis 2024+)

The normalized sum ﬁ(xl + -4+ xy — NA2) converges in distribution to

oA(s1 + 52) + 02512 ~distr (Dol[iesc] * Doalpsc]) B Dy2[psc]

* = (classical) convolution,

where { B = free convolution,

Dc[usc] = push-forward measure of jisc wrt the map t — ct.
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Conclusions and outlook

In this work, we provided

@ Convergence of LUl random matrices in the framework of tensor free
probability.

@ Asymptotic behavior of local orthogonal invariant random matrices.

@ CLT for tensor free elements and its applications.
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In this work, we provided

@ Convergence of LUl random matrices in the framework of tensor free
probability.

@ Asymptotic behavior of local orthogonal invariant random matrices.

@ CLT for tensor free elements and its applications.

Recent works on random tensors + free probability:

Kunisky, Moore, and Wein: [arXiv:2404.18735],

Collins, Gurau, and Lionni: [arXiv:2410.00908]
Bonnin and Bordenave: [arXiv:2407.18881]
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Conclusions and outlook

In this work, we provided

@ Convergence of LUl random matrices in the framework of tensor free
probability.

@ Asymptotic behavior of local orthogonal invariant random matrices.

@ CLT for tensor free elements and its applications.

Future works:
@ Any possible integrated theory of random tensors:

» Kunisky, Moore, and Wein: arXiv:2404.18735,
» Bonnin and Bordenave: arXiv:2407.18881,
» Collins, Gurau, and Lionni: arXiv:2410.00908.

@ Higher-order / strong behavior of random tensors.

@ Application to Quantum Information Theory.
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Thank you for your attention!
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