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FOREWORD :

BOLTEMANN'S MICROSTATE ENTROPY



DISTRIBUTION OF A VECTOR

let X be a finito set.

for 8 EXY
,

its expirical distribution is

↳= -P(X)

i . e
. Ex-X

, ((= (fi = u) .

&



BOLTEMANN-SHANNON THEOREN

For p = (PaneX t P(X), define :
Levy distance (fr exemple)

-
C
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"mb of configurations of N particles a close to p"
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C

Hw(pe = (fex" : (((y , p) = (3)

=
"mb of configurations of N particles a close to p"

Therm (Shormon 1948)

him lin logHP) = h tilog HP

=

- T Porte P =: H(p) .
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LARGE DELIATIONS PRINCIPLE

Let (X,d) Polish space,
↑ EPCX) sotisfies a LDP with rate/speed in and

rate function I : X + 10
.

5) loca cani-continuous o BEX Bach

- iI lin logP(B)
logP)

EB

Remark that

Hw(pe = ({fEX" : ((( , p +> a))

= IXIN . Pr(d(Lf ,
p (2) &

- uniform measure on X"

=> bgH(p)
= log() + logP) d(f ,

P



SANOU'S THEOREM

( , d) Polish space ,
PEO() ,

frEX" with fou por

Th (Sanov 1957)

↳a E P(X) satisfies a LDP with rate N and vote fundion

-
I (0) = Dp(QIP) = E

Sytugdp if g = do exists

X * ohewise

Kullback-Leibter divergence
ala relative entropy
-

=>
This is a for reaching extension of Sharon's Thorm



BEYOND E(X)

- Kolmogorau -

Sinoi entropy of dynonical systems,

-Voicules's microstate free entropy,

-

Boven
,

Ken
-

Li Sofic entropy of gop actions
,

-
En tropy of rondon rooted graphes,

B
. Caputo,

-

Austim's eutropy ofuitory representation.

-
--



LDP for heavy-tailed motrices

In this talk
,

we obtain LDP's for families of random motrices

with 0(2) non-negligeable entries por row.

It gives noutrivial entropies essociated to Male's haffic distribution

which on additive for
thetree troffic convolution.



LARGE DEVIATIONS PRINCIPLE

FOR A SINGLE MATRIX



PREVIOUS RESULTS For ESD

YE MS
.

6) Ly in E SCR) (empirical distribution of engavues).

For YoE Mr(4) rondom
, LyEL as,

hown LDY of Lyn

-+ B-Embles :
&PC expl-BNTr(V(1)dX , speed N2 Ben. Aros-Grionet (1997)

(fo exacte EUEIGOEIGSE) .

+
A + UBU

*
Un Hear on Fon

,
Astrie sent Belinschi-Grionret-Knang (2020)

Yo =*, PIE) exp)-cf) ,

occan
, speed

N' +G
+ Wigner, 8. Coputo (2014)
stretched exponential (5)isid

&

- Sporce Wigner : Yo ,
Wij is ;

ins bended
2 speed Nd

Augai (2024)

(Aij) ind Ber (2)
isj

logNdN

-
Eolös- Renzi Yn = A Aijo Ber (d) , speed N

B. Caputo (2015)

banded average
degel

+ Open problem : Wigher Yo bouted entries
. today :

more speed N LDP
·



HEAVY-TAILED RANDON MATRICES

let a be a Ruden mesure on $1904 ,
N( K 1 BG) <+

Let You = Mishi, i -> Ma suc thatij) in ;
is iid and

N . P) Yijf BL - NIB) FB10
.

EX 1
.

You = A OX AijwBerl) n = dj
X by = P(k)

P (Wijzt
, Xij)0)-> pt

- E

Ex 2. Youa

XijE R
, t-to

Kevy motrices)
- ↑ ((Xijk t

, Xij (0) -> X-p)t
-

o[L
&LeNo dee + 4-p) <11Neco de

Ben Arous-Grionnet (2006).
Ly -> In as



HEAVY-TAILED RANDON MATRICES

let a be a Ruden mesure on $1904 ,
N( K 1 BG) <+

Let You = Mishi, i -> Ma suc thatij) in ;
is iid and

N . P) Yijf BL - NIB) FB10
.

Exc
.

Yo = AOX AjwBerl) n = dj
X by = P(k)

P (Wijzt
, Xij)0)-> pt

- E

Ex 2. Youa

XijE R
, t-to

↑ ((Xijk t
, Xij (0) -> X-p)t

-

n = pacelso obe + 1-p) <121"No de

Ly -> Lp as
.

Be tras-Griomet (2006).

If by salisfies a
LDP with good rate function Ja : PARI- 100

E-with a unique minimize.
& S: (2) sth is part

- +20
.

f Ex1
,

Ex2 ar N19x: 12t])16t-B in a reighorhood fo ,
0 <p



RANDOM WEIGHTED GRAPH

Let DEDl . ...
DwIn)) am integs sequence

each thatEDIE) even , /Pull **
N

and La= i
->

Th ,E P(z)
N = +N

For example Dpliled and t = 50 .

A = adjacency matrix of a uniformly sampled graph on
ventex cet 21 --,

NS and

degree sequence Dor .

Yo = A 0X (ij) i2j iit with fou J E P(K)

E M

Th Lyw satisfies a LDP with good rate function Jun with

a unique minih .



LARGE DEVIATIONS PRINCIPLE

FOR MULTIPLE MATRICES



PROBABILITISC VIEW ON VOICULESCU'S MICROSTATE ENTROPY

let (A ,t) * - algebra x=( ....1) EA*, their distribution 'teCF* is

↳: c(Fd) -> 4

↑ t (P(x--x, .., z 1)

We equip K /Fo
*

of the topology of point wise convergence.



PROBABILITISC VIEW ON VOICULESCU'S MICROSTATE ENTROPY

Let (A ,t) * -algebra x=( ....1) EA*, their distribution 'tCF* is

L
Ri C(fd) -> I

j
=

↑ t (P(x--x, .., z 1)

We equip K /Fo
*

of the topology of point wise convergence.

(col : (Mill
0)

Open problem : letYo ...Y) independant GUE matrices
, prove

that Lyn

satisfies a LDP with greed Nand good ate function No , X = &Xo
On +

a

Voiculesan defines the micro-shate eutropy X by toig a timap

Notably,
it is not know,

in general,Hat:f 19-2)
and (91 . 15e) on free

lue write (1) in place

↓ (x, .., da ,
e... Ye) = X (en) + X (41., ye) - Xche))



MALE'S TRAFFIC DISTRIBUTION

with t: E-J
let J a finite set

,

test groph = connected groph H = (V
. E,

2
,2)

E :E - 21,4)

U(5) the net of test groples. ·
A troffic distribution ison element of KIHID* : Traf(I) .

If=Milies E Un(e)
, TyETrafII) is defined by :

ty :
les -+

X

H= (ViE,
C

,c)> * Ener ethleMini
1 sirin

we equip Traf(5)
with the topology of pinterise convergence.

-

XX
= H

*
5y(H)=TrYzYyYn]



MALE'S TRAFFIC DISTRIBUTION

with t: E-J
let J a finite set

,

test groph = connected groph H = (V
. E,

2
,2)

E :E - 21,4)

U(5) the net of test groples. ·
A troffic distribution ison element of KIHID* : Traf(I) .

If=Milies E Un(e)
, TyETrafII) is defined by :

ty :
les -+

X

H= (ViE,
C

,c)> * Ener ethleMini
1 sirin

we equip Traf(5)
with the topology of pinterise convergence.

th Mall) let YCYY = MEUN() sac hat -> Ei,ilo
yo
i

Set YE ( Witt
,
(SYS*)jEE) thes Eyr-> Eatn is probability .

no

S uniform permutation matrix. troffic free product



ENTROPY FOR TRAFFIC DISTRIBUTION

The If Y: Milies are independent heavybiled with parrete N on (T, 0)
- cod on 11 1180

(simplifier)
Than Ty salifies a LDP on Traf(I) with speed N and good

rote function Xn with a unique minimizer.

Cor
.

We have XIt + +2) = Xt2) + Xt) ,
VE Etra

-

traffic free product



WHERE DO THESE LDD'S OME FROM ?



CONTRACTION PRINCIPLE

&

Comma
.

let X
,
Y Polish and f : X -> Y continuous .

If zn
**
solisties a LDP with speed un on X and rotofunction I

then &(EN)-
Y - Jcy = inf &IR) : fin=g]

=> to plove a LDP for YN - Y; it is often casier to get a "loger" spore X

and pove
a LDP for En

,

with Yo = flEn) and f continuon .



OVERVIEW OF PROOFS

# We represent a family of motrices Y = (Vilies EM) /or rather their eques by
conjugati by permutation)

by a pobability measure on rootedgraphe Uccle (5%.

* If these matrices have 0(1) non-regligeable entries por row the UKH)) is

Light for the lol weak topology on (G
%).

*
We prove a LAP faUf(Y))· With speed N

.

and explicit note function.

Traf(5) is continuous

*
We show that the mp : L . [81g% pN

* Weopply the contraction puciple



MARKED GRAPHS

N = 4

y= (j)j + 5
- Min(a)

Yab
Gly) on N ectices

3:-

It defines a marked soph G = (V ,
E,) S V = 21...., NY .

E = 3 2013) : Yab -04.

A marked graph is locally finit , if frev deglitstr

A marked graph is a
network if for Fazo : G is locally finite

Iv
,
E55% EESasl : Moldy.

...
1

en



MARKED GRAPHS

N = 4

y= (j)j + 5
- Min(a)

· Yab(
Gly) on N ectices

3:-

It defines a marked soph G = (V ,
E,) S V = 21...., NY .

E = 3 2013) : Yab -04.

A marked graph is locally finit , if frev deglitstr

A marked graph is a
network if for Fazo : G is locally finite

Iv
,
E55% EESasl : Moldy.

A rooted marked graph =
connected marbed graph + root vatex.

...
G

:

=set of locally finte culdeled rooted morked groph
- eg .

doss up to bijections 1
up--unloseled rooted networks

en



LOCAL WEAK TOPOLOGY

If ge Go and h20
, 199 = restriction of to h-neighborhood Egh

A

· pointoise topology
⑧ ↓ 182

...
Projective topology : on 6 : gr-gg 190)a -> Ch.h

an upgn e g i &) -> 19%9 th
, FEzodonte

this defin Polish matric spaces (Sdor) ,
Crided

m particular : (PCg , deas) ,
(81U) , drevy) are Polish spaces



LOCAL WEAK TOPOLOGY

If ge Go and h20
, 199 = restriction of to h-neighborhood Egh

A

de pointoise topology

...
Projective topology : on 6 : gr-gg 190)a -> Ch.h

an upgn e g i &) -> 19%9 th
, FEzodonte

this defin Polish matric spaces (Sdor) ,
Crided

m particular : (PCg , deas) ,
(81U) , drevy) are Polish spaces

for 6 finite : UC= Gamin - 819% (Benjamini-Schraum) .

=
lar of G rooted uniformly.

for ex : 6 vid =3



MICROSTATE ENTROPY FOR NETWORKS

let a be a Ruden mesure on $1904 ,
N( K 1 BG) <+

S.a
.let You = Misti

, i
-> Nw() such thatij) in ;

is iid and

N . P) Yijf BL - NIB) FBECIO

Yv =
AOX (ij) is ; ind with lawg and A-adjacency operator of a uniform rodom

groph with degree seque Dr= IDwI. --Polol)

st. La-T

The If Y: Milies are independent beautited with parrete 1 or (0)

Than UIGNI) salisfies a
LDD in PCMY with speed N and on

explicit rate function In CH .

on InpI.



THE RATE FUNCTION FOR (T,U) case

Yv =
AOX (ij)is ; ind with lawg and A-adjacency operator of a uniform rodom

groph with degree seque Dr = IDwI. --Polol)

151= 1 without real less of generality .(up to enlorging the mock space
Sat- ↳

Dn -T

↓
edge rooted

vort
edge

↓e P(g) is minoclor
,
i f : ent :Ef=Et

(If G is finite, UCG) is unimodular ·
··

We have Ing Ir = * I

E
fa iS st unimodular -·
↓ is not supported a tress

fac (degcollt

Dra ((1 (Erin) =
+o

t ↓

Gowlp) h-neighberhort Gu : son gich with

ind macks will laus



THE RATE FUNCTION FOR (T,U) case

&H = e Emulth, G ·Dawson-Gärtede
↑ la of h-neighborhood.

ta e (Gh)

In(h = E( ,
2) + In() ,

ve Plea

En Nihl = Dan/G d = [k)
l

some groph ind macks
edge rooted ension of r -b(6)

with lawy

2. (v ,
h) = -H)G +H( -cel

#(8 . )= Ga-

I
Groph G without manks. ⑧ Gof

E
Bloputo 15

, Delgosha-Anontheremen 19 , Backheuss-B - Segedy 22
,
Romanon-Tasodhara 23.



CONTINUITY Of DISTRIBUTION
Q

E

If G = (V
,
E

,
3) e opo ech not Ev, 15 15

we define Yo operator on compactly supported fundion , e (V) :

Yo ju = 2
, v) Ou

u

If Yo is ess
. Self-adjoint ,

we set % spectral mesme et

If re OCO) rad Not Yo is v...s .
ess . self adid, we not . (p = /L).

A

Bina)

Th
.

ocE
,
ope ,

Set Ka =ENEB(% EnCE Iscar* Nscuca) =14 -

unimodular

Then LSKBPM) is well-defied et continuous .

/ave result forLES

IIf YEMEC , Luccul=-

Similily ,
the Treffic distribution is continuous (with soe coul .

--



CONCLUDING WORDS



IN SUMMARY

For matrix ensembles with OC) non-regligedle entries por row

-

the loc weak topology on rooted grophs/networks gives a

good framework for limits of matrix algebras.

- Explicit LDP on known for heavy-teled random matrices and

rondom grophes in these local weak topologies.



COMMENTS & PERSPECTIVES

*
There is a unique

and explicit minimizer of the entropy
I

.

*
More propties of I and X = 23 ECH : Tr = + Y ?

* Om G:, the traffic distribution of weighted adjacency quatorX bl weak topology .

* Allas-Lyous (05) define a W
*

-algebra essociated to ous pf FCE% minodular.

stat : <P.. 42 .

-

* A simila analysis could be done for 1-ball
ind Gue and noutracial



TANK YOU FOR ATTENTION !


