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Random matrices

[Wishart 28, Wigner ’55]

» Theory of strong interactions [t Hooft, etc.]
» Random surfaces [David, Kazakov, Frohlich, etc.]

» Growing interfaces fluctuations [Kardar, Parisi, Zhang, etc.]

v

Birds perched on wires, parked cars

» Free probability theory [Voiculescu, Speicher, Guionnet, Collins etc.]

Size of the matrices N is a parameter => “1/N expansion”, N — oo limit
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Lately — increased efforts to generalize “freeness” to tensors

» Identify the right objects at finite N, take the limit N — oo and find their intrinsic defining
properties

» Self contained formulation of the limit theory, without going through finite N first



But I will introduce the building blocks:

e free cumulants: the right objects that describe the limit regime

e asymptotic moments / free cumulants relations



But I will introduce the building blocks:

e free cumulants: the right objects that describe the limit regime

e asymptotic moments / free cumulants relations

Strategy — mimic what works for matrices, start at finite N and take the limit



@ Introduction
© Why random discrete spaces



Large / small scale

Small scales — quantum field theory (QFT):

e Feynman path integral:

z= [ldoljau] e3>

o S(¢, 1) matter action (field content:
leptons, quarks, gauge bosons, Higgs
boson).

Sum random configurations of dynamical
fields.

“So God does play dice with the universe. All the evidence
points to him being an inveterate gambler, who throws

the dice on every possible occasion.” Stephen Hawking

Large scales — general relativity (GR):

e Einstein—Hilbert action:
4
S= ﬁ/@(—k—&—z/\)—s—sm

e Sp, matter action (matter content:
visible, dark, dark energy).

Ruv — %Rg;w +Aguw = %Tw

Geometry is dynamical.

“Spacetime tells matter how to move; matter tells

spacetime how to curve” John Archibald Wheeler



The Planck scale

Photon of frequency v

QFT: GR:
e quantum behavior at the e energy £ = hv, equivalent mass M = %I
scale of the wave length o GR effects at the scale of the Schwarzschild radius of a black

M

— C
A= hole of mass M, rg = =



The Planck scale

Photon of frequency v

QFT: GR:
e quantum behavior at the e energy £ = hv, equivalent mass M = %I
scale of the wave length o GR effects at the scale of the Schwarzschild radius of a black
A= 5 hole of mass M, rg = %"

same order of magnitude at the Planck scale

| Gh _
Lpianck = VIS A= ? ~10¥m

C4
Z~ Z Dg(metrics) DXmatter €Xp { - 167G / \/g(_R + 2/\) = Sm }

topologies

GR

QFT



Build the geometry by gluing discrete blocks, “space time quanta”.

Z / Dg(metrics) — Z

topologies random discretizations

Fundamental interactions of few “quanta” lead to effective behavior
of an ensemble of “quanta”.




Random matrices and tensors for random discrete spaces

RANDOM MATRICES

Partition function of an invariant
probability measure for a N X N matrix
X2t

Z= /[dXd)_(] e MSXX)

Free energy is a sum over two dimensional
triangulations

InZ
B>

triangulations

-2
N2

genus g > 0.

g = 0, planar (spherical topology).

RANDOM TENSORS

Partition function for an invariant probability
measure fora N X ... Ntensor 1 p

zZ= /[deT] e NOTIS(TD)

Free energy is a sum over D dimensional
triangulations

InZ
A

triangulations

N~¥,

degree w > 0.

w = 0, melonic (spherical topology)



@ Random Tensors






So where are the birds?

igenval N2
w(t) = /2 S 7 [ (dei) (HIA,-—A,»P) AT

i<j confining potential

eigenvalue repulsion

| oy

L

Gap distribution at large N fits the spacing between perched birds (squares) and parked cars
(crosses) [Seba 2013]






Tensor invariants, colored graphs and permutations
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Invariant “traces” 31 o1 g1+ g1 g0 quu p... — colored graphs
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' _ (1) (D) T _ (M i(D) 7
Tb1.A.bD _ZUbM‘ "'UbDaDT‘ﬂ»-»aD ’ TpL“pD - X:Up‘qT quDTq]---qD
. q
Invariant “traces” > "1 o1 Oqigr--Tor, o0 Tg1. gp--- — colored graphs
D=3, Y 000202083 Opidppdpg Oag02200,
Toea ToppTaes Tppp Taee Theps
- qu ¢ Tc1 2c3
White (black) vertices for T (T). ¢ ©
To2s eT1,2,3
ala’a . r'rer
Edges for §4cqe Nlpw
_ o
To1p2p3 Ty
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Tensor invariants, colored graphs and permutations
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Tensor invariants, colored graphs and permutations

' _ (1) (D) T _ (M i(D) 7
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Invariant “traces” 31 1 Oqigr...Tor o0 Tgr. gp-.- —> colored graphs
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Tensor invariants, colored graphs and permutations

7 — T8 i
bD_ZUbII" bD DT‘ .aP > Tpl'_'pD_Z plg" " p
q

Invariant “traces” 31 o1 Og1g1---Tr, o0 qu._‘qo‘.. — colored graphs — D-tuples of permutations
Tro(T,T) =3 (H To oTa. )Hn(s,c,
i s=1 s s=1c=1
2 3
- 2 3

White (black) vertices for T (T).

1 1
edges of color ¢ — pairing {s, o¢(s)}

H H C

associated to the permutation o JRE . (132) (1,313, 2}{2, T}

O_Z;blue — (1)(2)(3) {‘]7 T}{Z, i}{3, §}
0_3;green _ (123) {17 i}{Z, §}{3, T}



Examples of graphs: the melons

Well labelled melon at step n:
ol =(1) ol =(12)

o2 =(1) =902 =(1)(2) L,
3 (1) o =)(2) - append fixed point (n) to o ¢ #¢

- insert nin a cycle in one o¢



Well labelled melon at step n:

=(12)

=M@ '
= (1)(2) - append fixed point (n) to o ¢ #¢

- insert nin a cycle in one o¢




Basis and decomposition

Lemma (Ben Geloun, Ramgoolam; Collins, RG, Lionni)

Denote o = (o, ...cP),a¢ € S(n). For N > (n')P=2, the family:

n n D
Tre(T,T) = (H L) Tp,n) HH%};E(S) :

i s=1 s=1c=1

up to relabeling o — nov is a basis in the space of homogeneous invariant polynomials of degree n in
TandT.




Basis and decomposition

Lemma (Ben Geloun, Ramgoolam; Collins, RG, Lionni)

Denote o = (o, ...cP),a¢ € S(n). For N > (n')P=2, the family:

Tro(T,T) = (f[ To wTa. )HH5

i s=1 s=1c=1

up to relabeling o — nov is a basis in the space of homogeneous invariant polynomials of degree n in
TandT.

Decomposition — averaging over U = U ® ... u®):

£(T, T):/duf(UT, Tuth)

/dU Uayin - - - Uayip Upyy - - Upnjy = Z H‘Sac )5,5h) W(or™ )
G N—

N
o,mES(n) = Weingarten functions



@ Finite N free cumulants



Expectations and connected expectations

Random variables x1, ... xn, . . .
Elxi,...xs] = E | | k[{xi,i € B}]
—— N————
. 7<lp Bem i
expectation Partitions of n elements connected expectation

Partitions are lattice for the refinement order — Mdobius inversion

k[x1,...xn] = z \>\7\’/ H E[{xs,s € B}]

<1, Bem
Mébius function (— 1)1 =1(|7r|—1)!
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Partitions are lattice for the refinement order — Mdobius inversion

k[x1,...xn) = E Py I I E[{xs,s € B}]
w<l, Bem
=" Mébius function (—1)I7I=1(|7|—1)!




Expectations and connected expectations

Random variables x1, ... xn, . ..
E[x1,...xs] = E | | k[{xi, i € B}]
—_———— —_————
. w<1n Bem
expectation Partitions of n elements connected expectation

Partitions are lattice for the refinement order — Mdobius inversion

Kxt, . oxa] = > \’\’T/ 11 El{xs, s € B}]

<1, Bem
Mébius function (— 1)1 =1(|7r|—1)!

Multiplicative extensions Ex = [ E[B] and kx = [ ] k[B]

]E]n = Z kﬂ' k]n — Z A‘rr ]E‘rr

0, <m<1, 0n <7<y

moments cumulants relations in any lattice

We identify large N asymptotic moments, free cumulants and a lattice such that asymptotic
moments cumulants relations for random tensors hold.




Wishart matrices

Gaussian i.i.d. matrix entries:
Bl 0] = [1axa] (x5 & e Rt

; Yoo} — N—T
the only non zero connected expectation k(Xj2Xj12) = N7 63,10,

- - 1
EW - XpaXag - Xyl = D0 TLgoan g



Gaussian i.i.d. matrix entries:
B0 R) = [10aR] 5008 e R

the only non zero connected expectation k(Xj2 X 2) = N7 181,10,

n
_ - 1
E[X12 ...Xﬂ,-%Xj%sz X/%J%] = E | I N(Si;jq 5,-3-2

hi n




Classical cumulants — same definition as connected expectations, but respecting the connected
components of o




Moments and classical cumulants

Classical cumulants — same definition as connected expectations, but respecting the connected
components of o

M(o) the partition of the vertices {1,...n,1,... A} of o in connected components o1, ... o¢:

oo [T,T1= > An]]E[e (T, 7)]

N(e)<N<1, 5 Bern

En,o
Doi,00,03 = E[Tro, Tro, Troy| — E[Tro, Tro, |E[Tros] — - . . + 2E[Tro, |E[Tro, |E[Tro, ]

M(o) < N < 1,7 lattice interval in the lattice of partitions — Méebius inversion works with the
same Moebius function Ap:

Elia(T, = > [[®e,IT.7]

N(o)<MN<1,7 BEN

¢ﬂ,a

E[Tro,Tro, Tros] = Poy,00,05 + Pory,0:Pos + Poy,03 Py + Poy,03Pory + Pory Por, Pory



Moments and classical cumulants

Classical cumulants — same definition as connected expectations, but respecting the connected
components of o

M(o) the partition of the vertices {1,...n,1,... A} of o in connected components o1, ... o¢:

oo [T,T1= > An]]E[e (T, 7)]

N(e)<N<1, 5 Bern

En,o
Doi,00,03 = E[Tro, Tro, Troy| — E[Tro, Tro, |E[Tros] — - . . + 2E[Tro, |E[Tro, |E[Tro, ]

M(o) < N < 1,7 lattice interval in the lattice of partitions — Méebius inversion works with the
same Moebius function Ap:

Elia(T, = > [[®e,IT.7]

N(o)<MN<1,7 BEN

¢ﬂ,a
E[Tro,Tro, Tros] = Poy,00,05 + Pory,0:Pos + Poy,03 Py + Poy,03Pory + Pory Por, Pory

Equivalently, in terms of partitions among the connected components o1 ... o g:

E[Tre, ‘..Tl’aq] = Z H ¢U1€3 o

n<lq BET



Finite N free cumulants

The generating function of connected expectations is invariant:

w(,J) = InEf™” Tl 0T oHa_oTa 0] =3 Tty (),]) KolT, T]

Finite N free cumulants— the coefficients KCo [T, T|



Finite N free cumulants

The generating function of connected expectations is invariant:

W(,J) = B[ El 0T ot o Tt 0] = 3 Tr(1,]) Ko [T, 7]

Finite N free cumulants— the coefficients KCo [T, T|

Theorem (Collins, RG, Lionni)

The finite N free cumulants write in terms of the classical cumulants as:

D
KelmTI=NP30 37 (3 a7 [ [Iwe et

T N(r)vN(o)<n” n(r)<n/<n” BeM! c=1

]EI'I”,-;-[T7T]




Finite N free cumulants

The generating function of connected expectations is invariant:

W(,J) = InE[eM Zalar a0 Ta 0 Fha1 0T a0)] = > Tro(),)) KolT, T]

Finite N free cumulants— the coefficients KCo [T, T|

Theorem (Collins, RG, Lionni)

The finite N free cumulants write in terms of the classical cumulants as:

D
KelmTI=NP30 37 (3 a7 [ [Iwe et

T N(r)vN(o)<n” n(r)<n/<n” BeM! c=1

]En//,-,-[T:T]

%)q(ex — 1)9... hence:

BTN = 3755 A TT Bl du sur Tuty )

n>1 " w<i, Bem

Proof — In(e*) = In(1+ (¥ — 1)) = >- 5, !



@ Finite N free cumulants
o The large N limit






Large N factorization and scaling assumptions

Large N factorization E[Hj Tro;] ~ Hj g,

» Scaling assumption

. 1 - -
Nlem N choice ®o[T, 1] = wo(t,1)

» Expand rescaled expectations on classical cumulants

1 1 1
——E[Trg, ... Trg,] = d. ;
NZ?:1 (o) [ fon ' q] Z NZL] r(ei)=Xper "(Ujecs o)) H Nr(Uj€BU/) Ujes 7

7<lq Bem

> large N factorization {{1},{2},...{q}} dominates < r(c) strictly sub additive



» Scaling assumption

1 = -
lim ————— &[T, T] — t, t
Nl)moo Nr(a)\choice 0[ ’ ] on'( ’ )

» Expand rescaled expectations on classical cumulants

1

1 1
———E[Trg, ... T = O] .
N (o) [Tror I’o-q] ; NE?:I (o)) =2 gex (Ujes o)) gr NUjes o)) Ujes o
<1q

> large N factorization {{1},{2},...{q}} dominates < r(o) strictly sub additive




The melon strikes back

/Q,OQ 12
| 4
_ 4 2
I<——1 12

Theorem (RG)

We have r(o) = D — (D — 1)|M(o)| — (o) where |[(o)| is the number of connected components
of o and Q(o) > 0. Furthermore, Q(o) = 0 if and only if o is melonic.®

The leading invariants are connected, melonic and at fixed |[1(o)| the leading invariants are
melonic.

%r(o) is sub additive on melons.




The melon strikes back

/Q,OQ 12
| 4
_ 4 2
I<——1 12

Theorem (RG)

We have r(o) = D — (D — 1)|M(o)| — (o) where |[(o)| is the number of connected components
of o and Q(o) > 0. Furthermore, Q(o) = 0 if and only if o is melonic.®

The leading invariants are connected, melonic and at fixed |[1(o)| the leading invariants are
melonic.

%r(o) is sub additive on melons.

For D = 2 all the invariants are melonic (bi colored cycles)!



The flip partial order on the melons

A flip on a well labelled melon o — split a cycle of one o€ into two:

(i] . ipip+1 . iqiq+1 e i[) — (ﬁ e ipiq+1 e i[)(ip+1 e iq)



A flip on a well labelled melon o — split a cycle of one o€ into two:

(i] e ipip+1 N iqiq-H e i[) — (i] N ipiq-H e i[)(ip+1 e lq)




A flip on a well labelled melon o — split a cycle of one o€ into two:

(i] e ipip+1 N iqiq-H e i[) — (i] N ipiq-H e i[)(ip+1 e lq)




Melonic cumulants

T <X o if and only if 7€ is non-crossing on o for all ¢:

- T X o is isomorphic to a sub-lattice in the D-fold Cartesian product of lattices of non-crossing
partitions hence has the same, known, Méebius function M(oT =)



Melonic cumulants

T = o if and only if 7€ is non-crossing on o€ for all c:

- T X o is isomorphic to a sub-lattice in the D-fold Cartesian product of lattices of non-crossing
partitions hence has the same, known, Méebius function M(oT =)

Theorem (Collins, RG, Lionni)

For well labeled melonic, connected invariants o in D > 3 the free cumulants are:

~ Kol[T, 7] (N()] _ _ IN(r)l _
H¢7(t7 t) = Nli—>moo MT;:‘ = ; M(UT71) ]_:[ Sa‘l'i(tv t) ’ ‘Pa(tv t) = ; 1:!: ﬁ‘ri(tv t) ’

< is the flip partial order on the set of melons and M(o-T =) is its Méebius function.
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Asymptotic moments @ - free cumulants ko relations.



Melonic cumulants

T =X o if and only if 7€ is non-crossing on o ¢ for all c:

- T X o is isomorphic to a sub-lattice in the D-fold Cartesian product of lattices of non-crossing
partitions hence has the same, known, Mebius function M(om~")

Theorem (Collins, RG, Lionni)

For well labeled melonic, connected invariants o in D > 3 the free cumulants are:

) KolT, 7] In(=)| . ()|
Ko (t, t):N'L"‘ooNr(T > Mo ]‘[ er(tD) . ot D= > [] (D,
=0 i=1 T30 i=1

= isthe flip partial order on the set of melons and M(aT ") is its Méebius function.

Asymptotic moments @ - free cumulants ko relations.

D
_NHDZ Z )‘I'I”( Z ¢I'I’,T) H HW(O—C‘B(TC‘B)—1)

T N(r)vi(e)<n” n(r)<n’/<n’ Ben’’ c=1

o connected = M(o) = 1,5 = N’ = 1,5,and Ay, ; =1



Melonic cumulants

T = o if and only if 7€ is non-crossing on ¢¢ for all c:

- T X o is isomorphic to a sub-lattice in the D-fold Cartesian product of lattices of non-crossing
partitions hence has the same, known, Méebius function M(om~)

Theorem (Collins, RG, Lionni)

For well labeled melonic, connected invariants o in D > 3 the free cumulants are:

_ ICU[T T] In(f)\ _ ()l
ko (t, t):NIi_>moo => Mer ) [] ent® . eotH =D [] wn(t.D,
70 i=1 =0 i=1

= isthe flip partial order on the set of melons and M(a ") is its Méebius function.

Asymptotic moments po - free cumulants ko relations.

D

NP (Y o) [T W)

n(r)<n’ =1

W(v) ~ N~ IYIpm(v), and Sy~ NZsrens 1(Tlpr) I Orly = n=n(r),r<o



Melonic cumulants

T = o if and only if 7€ is non-crossing on ¢¢ for all c:

- T X o is isomorphic to a sub-lattice in the D-fold Cartesian product of lattices of non-crossing
partitions hence has the same, known, Mdebius function M(UT*‘)

Theorem (Collins, RG, Lionni)

For well labeled melonic, connected invariants o in D > 3 the free cumulants are:

; Ko[T, T] NI )
ko (£, t):NimooNrT)’:] => Mor) J] entD, eoth=>_ ]‘[ ki (t,7)
<o i=1 70 i=1

= isthe flip partial order on the set of melons and M(aT ") is its Méebius function.

Asymptotic moments @ - free cumulants ko relations.

dp (V)< _number of cycles of length p of

V) = _ P_]l 2p—2 V)= Ve
M( ) };[1 |:( 1) p(p1>\Catalannumber:| ’ M( ) HM( )

Méebius function for lattice of non-crossing partitions
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INSTEAD OF CONCLUSION: THE FUTURE

Tensor freeness: mixed joint free cumulants of melonic connected invariants are zero.



INSTEAD OF CONCLUSION: THE FUTURE

Tensor freeness: mixed joint free cumulants of melonic connected invariants are zero.

To do list:

e prove strict sub additivity of r(o).
e asymptotic moments / free cumulants relations for:

® non melonic connected
® arbitrary

o flip partial order for arbitrary graphs [Bonnin, Bordenave]



Tensor freeness: mixed joint free cumulants of melonic connected invariants are zero.

To do list:

e prove strict sub additivity of r(o).

e asymptotic moments / free cumulants relations for:
® non melonic connected
® arbitrary

o flip partial order for arbitrary graphs [Bonnin, Bordenave]




@ Appendix
o Random tensors and discrete spaces



e invariant observables Tr (T, T) for all o
e compute In Z, (Tro (T, T) ... Tro (T, T))



Feynman expansion

D
S(T,TY=> Ty 0Ty oo [ [ Oseqe + > toTre (T, T),
c=1

connected graphs o
with D colors

Z(to) = /[deT] ~NPTIS(TT)

Feynman expansion:



Feynman expansion

S(T,TY=> Ty Ty o H(Sbfc—f— > toTro (T, T) ,

connected graphs o
with D colors

Z(to) = /[deT] e NPTIS(TT)

Feynman expansion:
e Taylor expand in t — graphs with D colors

2(g) =Y [ T

Troy (T, T)Tre, (T, T) ...

<K& <L



Feynman expansion

D
ST =Y Ty wlg o[ [0+ D, toTe(T,T),
c=1

connected graphs o
with D colors

Z(to) = /[deT] ~NPTIS(TT)

Feynman expansion:
e Taylor expand in t — graphs with D colors
e compute the Gaussian integrals (Wick theorem) — graphs with D + 1 colors

InZ(ts) = > A(G)

connected graphs G
with D+1 colors




Feynman expansion

D
ST =Y Ty wlg o[ [0+ D, toTe(T,T),
c=1

connected graphs o
with D colors

Z(to) = /[deT] ~NPTIS(TT)

Feynman expansion:
e Taylor expand in t — graphs with D colors
e compute the Gaussian integrals (Wick theorem) — graphs with D + 1 colors

InZ(ts) = > A(G)

connected graphs G
with D+1 colors

Each graph G is embedded in a D dimensional space
(Poincaré dual to a triangulation)




Colored graphs and vertex colored triangulations

White and black D + 1 valent vertices connected by edges with colors
0,1...D.



Colored graphs and vertex colored triangulations

White and black D + 1 valent vertices connected by edges with colors
0,1...D.

e | Edges <+ gluings along
\ D — 1 simplices

\ respecting all the

- colorings

Vertex <+ D simplex with LT
colored vertices .



Colored graphs and vertex colored triangulations

White and black D + 1 valent vertices connected by edges with colors V

0,1...D. , N
4 N
/;ﬂ EDdges > gl;.ungs along /;;\\\
i i Pl — 1simpli -7 RN
Vertex <+ D-SImplex with o 7 simplices - m ~,
colored vertices . R s W respecting all the R T
T colorings i

Invariants Tro encode boundary triangulations and expectations:
<Tr Tr, Tr > - /[deT] Tro, Tr Trg, e N7 'S
olloy .- llog ) = o lloy - Ilog
Z(ts)

sums over all bulk triangulations compatible with the boundary.

Random tensors provide generating functions for random triangulations.

<Tl‘o-l Tro'z . Tro'q> — NLeading Order § N—either 0 or suppression

triangulations

The 1/N expansion provides a selection criterion for the dominant triangulations.




@ Appendix

o Partitions and permutations






Partitions and permutations

Set partitions of {1,... n} into blocks {1,2,3,4} : {{1,2},{3},{4}}, {{1,2},{3,4}}

> poset ordered by refinement {{1,2}, {3}, {4}} < {{1,2},{3,4}}, in fact lattice with global
sup 1, = {{1,...n}} andinf0, = {{1},{2},... {n}}

> if 1 <2< ... < n,mis non-crossing if there exist no i < j < k < [ with i, kK € Band
j,l € B' eg. {{1,2},{3,4}} is non-crossing while {{1,3}, {2, 4} } is crossing

» non-crossing partitions are also a poset ordered by refinement

Permutations are bijections o : {1,...n} — {1,...n}
» decompose into cycles: (12)(34), (132)(4)
> cycles of o yield a partition 7(c’) of {1,...n}, eg. {{1,2},{3,4}}, {{1,3,2}, {4}}

» poset T < o, T non-crossing on ¢ if 7(7) < (o) and non-crossing and T respects the
orientation of o

(135)(2)(4) non-crossing on (12345) ; (135)(24), (153)(2)(4) are not
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