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Question: What is the effect of applying a
non-linear function to the entries of a random
matrix?
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Question: What is the effect of applying a
non-linear function to the entries of a random
matrix?
Given input
o random matrix Xy = (2ij);;—;
e function f : R — R (for now, polynomial)
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Question: What is the effect of applying a
non-linear function to the entries of a random
matrix?
Given input
e random matrix Xy = (fij)%‘:l
e function f : R — R (for now, polynomial)

Define the “non-linear” random matrix Y = (y;;) by

i = {—#Nf(vN%j), i#J
) . .
0, b= g
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Question: What is the effect of applying a
non-linear function to the entries of a random
matrix?
Given input
e random matrix Xy = (J;ij)gj:l
e function f : R — R (for now, polynomial)

Define the “non-linear” random matrix Y = (y;;) by

v — {—#Nf(vN%j), i#]
) . .
0, b= g

Question

How does this change the eigenvalue distribution, asymptotically, if
N — o0?
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What assumptions should we make about our
random matrices Xy

previous work
o kernel matrices:
El Karou 2010; Cheng and Singer 2013; Fan and Montanari 2019
@ covariance matrices:

Pennington and Worah 2017; Louart, Liao and Couillet 2018; Benigni
and Péché 2021; Piccolo and Schroder 2021
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What assumptions should we make about our
random matrices Xy

previous work for quite specific random matrices
o kernel matrices:
El Karou 2010; Cheng and Singer 2013; Fan and Montanari 2019
@ covariance matrices:

Pennington and Worah 2017; Louart, Liao and Couillet 2018; Benigni
and Péché 2021; Piccolo and Schroder 2021

Our general setting

orthogonally invariant random matrices
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I
Orthogonally invariant random matrices with limit
distribution
o = = = 1PN G4



Orthogonally invariant random matrices with limit
distribution
Typical examples (say, symmetric real random matrices)
@ given by density of the form
exp (—NTr(¢(Xn))) dXn

@ given as polynomials in independent GOEs

p(ANaBN77DN)
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R
Orthogonally invariant random matrices with limit
distribution

Typical examples (say, symmetric real random matrices)
@ given by density of the form

exp (—NTr(¢(Xn))) dXn

@ given as polynomials in independent GOEs

p(ANaBNayDN)

Properties of this class of random matrices

@ orthogonal invariance: entries of X have the same joint distribution
as entries of OXO" for any orthogonal O

@ existence of scaled limit of correlations (¢, are classical cumulants)

lim N™ 2. ¢, (Tr(X ), ..., Tr(Xpm))

n—o0
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Properties of this class of random matrices

@ orthogonal invariance: entries of X have the same joint distribution
as entries of OXO7 for any orthogonal O

@ existence of scaled limit of correlations (c,, are classical cumulants)

lim N2 e, (Tr(X3), ..., Tr(X ™))

n—00
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Cyclic structure of the cumulants of entries

Properties of this class of random matrices

@ orthogonal invariance: entries of X have the same joint distribution
as entries of OXO7 for any orthogonal O

@ existence of scaled limit of correlations (c,, are classical cumulants)

lim N2 e, (Tr(X3), ..., Tr(X ™))

n—00

This implies for cumulants ¢, (x;, j,, Tisjo, - - - Tiyjn) Of entries

@ only indices with cycle structure are non-zero
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Cyclic structure of the cumulants of entries

Properties of this class of random matrices

@ orthogonal invariance: entries of X have the same joint distribution
as entries of OXO7 for any orthogonal O

@ existence of scaled limit of correlations (c,, are classical cumulants)

lim N2 e, (Tr(X3), ..., Tr(X ™))

n—00

This implies for cumulants ¢, (x;, j,, Tisjo, - - - Tiyjn) Of entries
@ only indices with cycle structure are non-zero

@ leading order for one full cycle is

1-n
Cn(xiliza Ligigy -+ 7xinil) ~ N
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Cyclic structure of the cumulants of entries

Properties of this class of random matrices

@ orthogonal invariance: entries of X have the same joint distribution
as entries of OXO7 for any orthogonal O

@ existence of scaled limit of correlations (c,, are classical cumulants)

lim N2 e, (Tr(X3), ..., Tr(X ™))

n—00

This implies for cumulants ¢, (x;, j,, Tisjo, - - - Tiyjn) Of entries
@ only indices with cycle structure are non-zero

@ leading order for one full cycle is

1-n
Cn(xiliza Ligigy -+ 7xini1) ~ N

o leading order for 7 cycles is N2~
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R
Cyclic structure of the cumulants of entries

This implies for cumulants ¢, (x;, j,, Tisjo, - - - Tiyjn) Of entries
@ only indices with cycle structure are non-zero

o leading order for one full cycle is
1-n
cn(Tiyigy Tigigy - - s Tiniy) ~ N

o leading order for r cycles is N2~

Examples
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R
Cyclic structure of the cumulants of entries

This implies for cumulants ¢, (x;, j,, Ziyjs, - - - » Ti,j,) Of entries
@ only indices with cycle structure are non-zero

o leading order for one full cycle is
1-n
cn(Tiyigy Tigigy - - s Tiniy) ~ N

o leading order for r cycles is N2~

Examples

@ no cyclic structure: c4(x12, Tog, T34, T43) = 0
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Cyclic structure of the cumulants of entries

This implies for cumulants ¢, (x;, j,, Ziyjs, - - - » Ti,j,) Of entries

@ only indices with cycle structure are non-zero

o leading order for one full cycle is

1-n
Bl 5180 B o © o o By ) 2 AT

o leading order for r cycles is N2~

Examples
@ no cyclic structure: ca(x12, w23, 34, 243) = 0
_ -3
@ one cycle: c4(r12, 223, T34, T41) ~ N
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R
Cyclic structure of the cumulants of entries

This implies for cumulants ¢, (x;, j,, Ziyjs, - - - » Ti,j,) Of entries
@ only indices with cycle structure are non-zero

o leading order for one full cycle is
1-n
cn(Tiyigy Tigigy - - s Tiniy) ~ N

o leading order for r cycles is N2~

Examples
@ no cyclic structure: c4(w12, 223, T34, T43) =
@ one cycle: ca(@12, 23, T34, T41) ~ N 72
@ two cycles: c4(w12, 21, T34, w43) ~ N4
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Cyclic structure of the cumulants of entries

This implies for cumulants ¢, (x;, j,, Ziyjs, - - - » Ti,j,) Of entries

@ only indices with cycle structure are non-zero

o leading order for one full cycle is
1-n
cn(Tiyigy Tigigy - - s Tiniy) ~ N

o leading order for r cycles is N2~

Examples
@ no cyclic structure: c4(w12, 723, £34,T43) = 0
@ one cycle: ca(@12, 23, T34, T41) ~ N 72
@ two cycles: c4(w12, 21, T34, w43) ~ N4
@ one cycle with subcycles: ca(z12, w21, 212, T21) ~ N3
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Cyclic structure of the cumulants of entries

This implies for cumulants ¢, (x;, j,, Ziyjs, - - - » Ti,j,) Of entries
@ only indices with cycle structure are non-zero

o leading order for one full cycle is
1-n
cn(Tiyigy Tigigy - - s Tiniy) ~ N

o leading order for r cycles is N2~

Examples
@ no cyclic structure: ca(x12, T3, 34, T43) =
@ one cycle: ca(@12, 23, T34, T41) ~ N 72
@ two cycles: c4(w12, 21, T34, w43) ~ N4
@ one cycle with subcycles: ca(z12, w21, 212, T21) ~ N3

has leading order N=3, and a subleading contribution of order N—*

v
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R
Cyclic structure of the cumulants of entries

This implies for cumulants ¢, (x;, j,, Tiyjo, - - - Tiyj,) Of entries
@ only indices with cycle structure are non-zero

@ leading order for one full cycle is
=
Cn(xi1i27$i2i37 DR 7$ini1> ~ N

o leading order for r cycles is N2—"—"

Meaning of cycle structure
Note that there is some freedom in arranging the entries of the cumulants
@ arguments of classical cumulants can be permuted

o for our symmetric matrices Xy we have: z;; = x;
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R
Cyclic structure of the cumulants of entries

This implies for cumulants ¢, (x;, j,, Tiyjo, - - - Tiyj,) Of entries
@ only indices with cycle structure are non-zero

@ leading order for one full cycle is
=
Cn(xi1i27$i2i37 DR 7$ini1> ~ N

o leading order for r cycles is N2—"—"

Meaning of cycle structure

Note that there is some freedom in arranging the entries of the cumulants
@ arguments of classical cumulants can be permuted
o for our symmetric matrices Xy we have: z;; = x;

e.g., ca(xia,x34, %23, T14)
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R
Cyclic structure of the cumulants of entries

This implies for cumulants ¢, (x;, j,, Tiyjo, - - - Tiyj,) Of entries
@ only indices with cycle structure are non-zero

@ leading order for one full cycle is
=
Cn(xi1i27$i2i37 DR 7$ini1> ~ N

o leading order for r cycles is N2—"—"

Meaning of cycle structure

Note that there is some freedom in arranging the entries of the cumulants
@ arguments of classical cumulants can be permuted
o for our symmetric matrices Xy we have: z;; = x;

e.g., ca(z12, 34,23, T14) = ca(T12, T23, T34, T14)
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R
Cyclic structure of the cumulants of entries

This implies for cumulants ¢, (x;, j,, Tiyjo, - - - Tiyj,) Of entries
@ only indices with cycle structure are non-zero

@ leading order for one full cycle is
=
Cn(xi1i27$i2i37 DR 7$ini1) ~ N

o leading order for r cycles is N2—"—"

Meaning of cycle structure

Note that there is some freedom in arranging the entries of the cumulants
@ arguments of classical cumulants can be permuted
o for our symmetric matrices Xy we have: z;; = x;

e.g., ca(T12,734,%23,T14) = Ca(T12, T3, T34, T14) = C4(T12, T23, T34, Ta1)

has also cyclic structure.
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Cyclic structure of the cumulants of entries

This implies for cumulants ¢, (x;, j,, Tisj, - - - » Tiyjn) Of entries
@ only indices with cycle structure are non-zero

@ leading order for one full cycle is
1-n
Cn(xiliza xiziga o 7‘Tini1) ~ N

o leading order for 7 cycles is N2—"—"

Where to find such statements in the literature?
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Cyclic structure of the cumulants of entries

This implies for cumulants ¢, (x;, j,, Tisj, - - - » Tiyjn) Of entries
@ only indices with cycle structure are non-zero

@ leading order for one full cycle is
1-n
cn(xiliza x’iziga o 7‘Tini1) ~ N

o leading order for 7 cycles is N2~

Where to find such statements in the literature?

@ Zinn-Justin 1999; Collins 2003; Guionnet, Maida 2005; Collins, Mingo,
Sniady, Speicher 2007
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Cyclic structure of the cumulants of entries

This implies for cumulants ¢, (x;, j,, Tisj, - - - » Tiyjn) Of entries
@ only indices with cycle structure are non-zero

@ leading order for one full cycle is
1-n
cn(xiliza x’iziga o 7‘Tini1) ~ N

o leading order for 7 cycles is N2~

Where to find such statements in the literature?

@ Zinn-Justin 1999; Collins 2003; Guionnet, Maida 2005; Collins, Mingo,
Sniady, Speicher 2007

@ specifically in the orthogonal case: Capitaine, Casalis 2007
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R
Cyclic structure of the cumulants of entries

This implies for cumulants ¢, (x;, j,, Tisj, - - - » Tiyjn) Of entries
@ only indices with cycle structure are non-zero

@ leading order for one full cycle is
1-n
cn(xiliga x’iziga o 7‘Tini1) ~ N

o leading order for 7 cycles is N2~

Where to find such statements in the literature?
@ Zinn-Justin 1999; Collins 2003; Guionnet, Maida 2005; Collins, Mingo,
Sniady, Speicher 2007

@ specifically in the orthogonal case: Capitaine, Casalis 2007

@ probably in many physics papers on a non-rigorous level??77?
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Cyclic structure of the cumulants of entries

This implies for cumulants ¢, (x;, j,, Tisj, - - - » Tiyjn) Of entries
@ only indices with cycle structure are non-zero

@ leading order for one full cycle is
1-n
cn(xilizaxiglg: o ’xinil) ~ N

o leading order for 7 cycles is N2~

Where to find such statements in the literature?

@ Zinn-Justin 1999; Collins 2003; Guionnet, Maida 2005; Collins, Mingo,
Sniady, Speicher 2007

@ specifically in the orthogonal case: Capitaine, Casalis 2007
@ probably in many physics papers on a non-rigorous level??77?

@ in particular: are there precise statements in the literature for the
orthogonal case for the case of several cycles?
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@ only indices with cycle structure are non-zero
o leading order for one full cycle is ¢, (Tiyiy, Tigigs - - - Tipiy) ~ N7

o leading order for r cycles is N2—"—"
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.
Relation between free and classical cumulants

@ only indices with cycle structure are non-zero
o leading order for one full cycle is ¢, (Tiyiy, Tigigs - - - Tipiy) ~ N7

o leading order for r cycles is N2—"—"

o— T8 n—1 X .
Put Ky, := UmN 00 N (Tigiy, Tigigy - - - » Tiniy)

v
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.
Relation between free and classical cumulants

@ only indices with cycle structure are non-zero

o leading order for one full cycle is ¢, (Tiyiy, Tigigs - - - Tipiy) ~ N7

o leading order for r cycles is N2—"—"

N B -1,

Put k,, :=limpy_yoo N™ (1‘1‘1127%22’3, 2o B g )

Then E[tr(X)] g Elzi iy Tigig - - * Tipyis |
'Lla in

N g g C7T [:L‘zlzza Ligigy - - 733ini1]

AT 7 ﬂ'EP

goes in leading order over to go(X”) = E Ko

TENC(n)
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.
Relation between free and classical cumulants

@ only indices with cycle structure are non-zero
o leading order for one full cycle is ¢, (Tiyiy, Tigigs - - - Tipiy) ~ N7

o leading order for r cycles is N2—"—"

— i n—l
Put k,, == limy_yoo N (l‘i1127$i2i3, 2o B g )

Then E[tr(XN Z E $1,112$127,3 . xinil]

N E g C7T [:L‘zlzza Ligigy - - 7$ini1]

i1 ,e-0in TEP(N

goes in leading order over to cp(X”) = Z Ko
TENC(n)

and the «,, are the free cumulants of the asymptotic eigenvalue distribution
of XN.

Roland Speicher (Saarland University) Non-linear random matrices 9 /37



Question: What is the effect of applying a
non-linear function to the entries of a random
matrix?
Given input
@ orthogonally invariant random matrix Xy = (xij)%-:l
e function f : R — R (for now, polynomial)

Define the “non-linear” random matrix Y = (y;;) by

y“:{%ﬁf(vaij)’ i# ]
) . .
0, b= g

Question

How does this change the eigenvalue distribution, asymptotically, if
N — o0?
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Theorem

@ The only cumulants which make asymptotically a contribution in the
calculation of the moments of E[tr(Y}})] are those with a cyclic index
structure,

il = Hm Ny (Yiyins Yiniss - - - > Yiniy ) all iy, distinct.
N—o00

Those ki, are thus the free cumulants of the asymptotic eigenvalue
distribution of the random matrix Y.

@ We have the following relation between the free cumulants k., of the

asymptotic eigenvalue distribution of X and the free cumulants K,

of the asymptotic eigenvalue distribution of the random matrix Yy :
(1] /{{ =0;
@ r} = x(f(9), /(9) =Elf(9)*] — ELf(9)]*

©@ forn >3,
&L =k, - E[f (9)]™;

where g is a Gaussian random variable with mean zero and variance ks.
v
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@ The only cumulants which make asymptotically a contribution in the
calculation of the moments of E[tr(Yy)] are those with a cyclic index
structure,

. 1 . ot
&l o= lim N, (Yirig) Yigis, - - - > Yiniy) all 4, distinct.
N—o0
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@ The only cumulants which make asymptotically a contribution in the
calculation of the moments of E[tr(Yy)] are those with a cyclic index
structure,

g -1 o fgno
&l o= lim N, (Yirig) Yigis, - - - > Yiniy) all 4, distinct.
N—o0

Note that the cumulants of the y;; are more complicated than the ones for
the Tij;
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@ The only cumulants which make asymptotically a contribution in the
calculation of the moments of E[tr(Yy)] are those with a cyclic index
structure,

g -1 o fgno
k= Hm N en (Yiyins Yiniss - - - > Yiniy ) all 4, distinct.
N—o0

Note that the cumulants of the y;; are more complicated than the ones for
the x;;; in particular,

@ non-cyclic cumulants can also be different from zero

@ the subleading orders and subcycles are getting more complicated
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@ The only cumulants which make asymptotically a contribution in the
calculation of the moments of E[tr(Yy)] are those with a cyclic index
structure,

g -1 o fgno
k= Hm N en (Yiyins Yiniss - - - > Yiniy ) all 4, distinct.
N—o0

Note that the cumulants of the y;; are more complicated than the ones for
the x;;; in particular,

@ non-cyclic cumulants can also be different from zero

@ the subleading orders and subcycles are getting more complicated
But still, in leading order it's just the

. -1 . .
k1= 1im N""Yen (Yiyigs Yigiss - - - > Yiniy) all iy, distinct
N—o0

which contribute.
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@ The only cumulants which make asymptotically a contribution in the
calculation of the moments of E[tr(Yy)] are those with a cyclic index
structure,

g -1 o fgno
k= Hm N en (Yiyins Yiniss - - - > Yiniy ) all 4, distinct.
N—o0

Note that the cumulants of the y;; are more complicated than the ones for
the x;;; in particular,

@ non-cyclic cumulants can also be different from zero

@ the subleading orders and subcycles are getting more complicated
But still, in leading order it's just the

. -1 . .
k1= 1im N""Yen (Yiyigs Yigiss - - - > Yiniy) all iy, distinct
N—o0

which contribute.

Those &, are thus the free cumulants of the asymptotic eigenvalue
distribution of the random matrix Yy.
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@ The only cumulants which make asymptotically a contribution in the
calculation of the moments of E[tr(Y}})] are those with a cyclic index
structure,

8 -1 . o
&l = lim N"en (Yiyig, Yigis, - - - > Yiniy) all iy, distinct.
N—o00

Those r7, are thus the free cumulants of the asymptotic eigenvalue

distribution of the random matrix Yy.
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@ The only cumulants which make asymptotically a contribution in the
calculation of the moments of E[tr(Y}})] are those with a cyclic index

structure,
8 -1 . q_no
&l = lim N"en (Yiyig, Yigis, - - - > Yiniy) all iy, distinct.
N—o00
f

Those k3, are thus the free cumulants of the asymptotic eigenvalue
distribution of the random matrix Yy.

Consider f(z) = 3. Then

4
ca(Y12, Y23, Y34, Ya1) = N ca(T12212212, T23223%23, T34L34L34, L41L41L41 )
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Theorem (Formula of Leonov and Shiryaev)

Cm(al Q) s Qi(m—1)4+1 7" a’z(m)) = Z Cw[ala <o 7an]
mEP(n)
where TSl

r={(,...,iQ),...,({(m—1)+1,...,i(m))} € P(n).

assume cj(a;) = 0; then

| | ca(arag, azas) = ca(ar, az, ag, as)+
ca(a1, as)ca(az, az) + ca(ar, az)ca(az, aq)
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@ Only cumulants which make asymptotically contribution in calculation
of the moments of E[tr(Yy)] are those with a cyclic index structure,

. -1 o fonn
k1= lim N, (Yirig) Yigisy - - - > Yiniy) all 4, distinct.
N—o0

Those &3, are thus the free cumulants of the asymptotic eigenvalue

distribution of the random matrix Yy.

Consider f(z) = x3. Then

4
ca(y12, Y23, Y34, Ya1) = N ca(T12212212, T2323%23, T34T34L34, T41L41L41 )

Roland Speicher (Saarland University) Non-linear random matrices 15 / 37



@ Only cumulants which make asymptotically contribution in calculation
of the moments of E[tr(Yy)] are those with a cyclic index structure,

. -1 o fonn
k1= lim N, (Yirig) Yigisy - - - > Yiniy) all 4, distinct.
N—o0

Those &3, are thus the free cumulants of the asymptotic eigenvalue

distribution of the random matrix Yy.

Consider f(z) = x3. Then

4
ca(y12, Y23, Y34, Ya1) = N ca(T12212212, T2323%23, T34T34L34, T41L41L41 )

Xiz X2 X1z y Xog Xo3 Xo3 s X34X34Xa4 5 Xgg XXy

| | |
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@ Only cumulants which make asymptotically contribution in calculation
of the moments of E[tr(Yy)] are those with a cyclic index structure,

. -1 o fonn
k1= lim N, (Yirig) Yigisy - - - > Yiniy) all 4, distinct.
N—o0

Those &3, are thus the free cumulants of the asymptotic eigenvalue

distribution of the random matrix Yy.

Consider f(z) = x3. Then

4
ca(y12, Y23, Y34, Ya1) = N ca(T12212212, T2323%23, T34T34L34, T41L41L41 )

X12 X12 X12 y X23 X23 X23 3 X34X34X34, X41 X41X41

L

ca(y12, Y23, Y34, ya1) ~ NN (Nt = N2
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4
ca(y12, Y23, Y34, Ya1) = N ca(T12212%12, T2323%23, T34T34L34, T41L41L41 )

X1 X12 X1 y X23 Xza X23 y X34X34X34, X41 X41X41
]
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4
ca(y12, Y23, Y34, Ya1) = N ca(T12212%12, T2323%23, T34T34L34, T41L41L41 )

X1 X12 X1 y X23 Xza X23 y X34X34X34, X41 X41X41
I i

C4(y12ay23ay34ay41) ~ N4N_3(N_1)4 = N_3

However, in the case with subcycles

4
04(y12, y217y127y21) =N C4($1290123€127£C21-’E21$21,331236123012,3021@19021)
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4
ca(y12, Y23, Y34, Ya1) = N ca(T12212%12, T2323%23, T34T34L34, T41L41L41 )

X1 X12 X1 y Xza X23 X23 y X34X34X34, X41 X41X41

C4(y12ay23ay34ay41) ~ N4N_3(N_1)4 = N_3

However, in the case with subcycles

4
C4(y12, y217y127y21) =N 04(961290123612, $21$21$21,$123€12w12,362196219021)

X12 X12 X12 y X21 X21X21 y X12 X12 X12 y X21 X21 X21

L | L\\l'—‘\

A/ n—1N6 =2
ca(y12, Y21, 12, y21) ~ N°(N7°)° = N
—



4
ca(y12, Y23, Y34, Ya1) = N ca(T12212%12, T2323%23, T34T34L34, T41L41L41 )

’ X1z X2 X y Xo3 Xp3 X3 y X34X34X34, Xt X1 X

—

ca(y12, Y23, Y34, ya1) ~ NAN3 (N1t = N3 — 4 free indices
However, in the case with subcycles

4
C4(y12, y217y127y21) =N 04(961296123612, 9021$21$21,$123€125012,362196219021)

X12 X12 X12 y X21 X21X21 y X12 X12 X12 y X21 X21 X21

L | L\\l‘—‘\

ca(yr2, Y21, Y12, y21) ~ NN = N2 — _ only 2 free indices
16 / 37



@ Only cumulants which make asymptotically contribution in calculation
of the moments of E[tr(Yy})] are those with a cyclic index structure,

. 1 . nn
il o= lim N"en (Yiyig) Yigis, - - - > Yiniy) all 4, distinct.
N—00

Note: Non-cyclic cumulants can be non-zero for the y;;
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@ Only cumulants which make asymptotically contribution in calculation
of the moments of E[tr(Yy})] are those with a cyclic index structure,

. 1 . nn
il o= lim N"en (Yiyig) Yigis, - - - > Yiniy) all 4, distinct.
N—00

Note: Non-cyclic cumulants can be non-zero for the y;;
Consider f(z) = 2.

c2(y12, Y23) = Nea(12212, T23223)
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@ Only cumulants which make asymptotically contribution in calculation
of the moments of E[tr(Yy})] are those with a cyclic index structure,

. 1 . nn
il o= lim N"en (Yiyig) Yigis, - - - > Yiniy) all 4, distinct.
N—00

Note: Non-cyclic cumulants can be non-zero for the y;;
Consider f(z) = 2.

c2(y12, Y23) = Nea(12212, T23223)

= Nea(xo1212, T23%32)
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@ Only cumulants which make asymptotically contribution in calculation
of the moments of E[tr(Yy})] are those with a cyclic index structure,

. 1 . nn
il o= lim N"en (Yiyig) Yigis, - - - > Yiniy) all 4, distinct.
N—00

Note: Non-cyclic cumulants can be non-zero for the y;;
Consider f(z) = 2.

c2(y12, Y23) = Nea(12212, T23223)
= Nca(z21212, T23232)

= Neca(x1, 12, 23, T32)
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@ Only cumulants which make asymptotically contribution in calculation
of the moments of E[tr(Yy})] are those with a cyclic index structure,

. 1 . nn
il o= lim N"en (Yiyig) Yigis, - - - > Yiniy) all 4, distinct.
N—00

Note: Non-cyclic cumulants can be non-zero for the y;;
Consider f(z) = 2.

c2(y12, y23) = Nea(w12212, 23723)
= Nca(221212, 223732)
= Neg(wa1, 212, 223, T32)
~NN—3
~ N2
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@ Only cumulants which make asymptotically contribution in calculation
of the moments of E[tr(Yy})] are those with a cyclic index structure,

. 1 . nn
il o= lim N"en (Yiyig) Yigis, - - - > Yiniy) all 4, distinct.
N—00

Note: Non-cyclic cumulants can be non-zero for the y;;
Consider f(z) = 2.

c2(y12, y23) = Nea(w12212, 23723)
= Nca(221212, 223732)
= Neg(wa1, 212, 223, T32)
~NN—3
~ N2

But this is still small enough to not contribute to E[tr(Y}})].
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@ The only cumulants which make asymptotically a contribution in the
calculation of the moments of E[tr(Y}})] are those with a cyclic index
structure,

. -1 o fonn
il o= lim N, (Yirig) Yigis, - - - > Yiniy) all 4, distinct.
N—o0

Those &3, are thus the free cumulants of the asymptotic eigenvalue

distribution of the random matrix Yy.
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@ The only cumulants which make asymptotically a contribution in the
calculation of the moments of E[tr(Y}})] are those with a cyclic index
structure,

. -1 o fonn
il o= lim N, (Yirig) Yigis, - - - > Yiniy) all 4, distinct.
N—o0

Those &3, are thus the free cumulants of the asymptotic eigenvalue

distribution of the random matrix Yy.

o The xi are given by

form=1
n{ =0
forn =2
k= ea(f(9), £(9))
for n > 3,

!
Hfz = Kn - E[f (g)]n;
where g is a Gaussian random variable with mean zero and variance ks.
v
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e forn > 3: Kl = kn - E[f' ()]
=] F = = DA




e forn > 3: Hfz = kn - E[f'(9)]" J

ca(fi(wi2), f2(x23), - - -, fa(zar)) = ca(aly', 2538, ..., w*)

X12X12...X12,X23X23...X23 y oo ,X41 X41 XX X41
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e forn > 3: /d; = kn - E[f'(9)]" J

ca(fi(w12), fa(xas), . - -, fa(zar)) = cala)y', w58, gyt

X12X1200¢X12’X23X23000X23 y ®00 5 Xy Xy 000 X,

K4 T mo PN my
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e forn > 3: Hfz = kn - E[f'(9)]" J

ca(fi(wi2), f2(x23), - - -, fa(zar)) = ca(aly', 2538, ..., w*)

Rqa 1 mao R (7
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e forn > 3: be = kn - E[f'(9)]" J

ca(fi(wi2), f2(x23), - - -, fa(zar)) = ca(aly', 2538, ..., w*)

1? \ T

Ky ™y E[gml_l] mo E[gm2_1] ce. My E[gm4_1]
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e forn > 3: be = kn - E[f'(9)]" J

ca(fi(wi2), f2(x23), - - -, fa(zar)) = ca(aly', 2538, ..., w*)

1? \ T

Ke My ]E[gml_l] ma E[g"”_l] . omy E[gmiT

ke E[fi(9)] Elfs()] -+ E[fi(9)]

where ¢ is a Gaussian random variable with mean zero and variance ks.
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I
o forn = 2: Hg = c2(f(9), f(9))

Non-linear random matrices

Roland Speicher (Saarland




o forn = 2: Hg = c2(f(9), f(9)) J

ca(fi(w12), fa(war)) = ca(ay!, 257)

Xig ® 00 XipXpa y Xz1 ¢ @0 Xz1 X
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e forn = 2: I€£=C2(f(g)af(g)) J

ca(fi(z12), f2(w21)) = ca(2)s', w57%)

Xip @0 Xip Xy y Xot @ o0 Xz X2
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o forn =2: R£=C2(f(g)>f(g)) J

ca2(fi(x12), fa(war)) = calaly', x57%)
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o forn = 2: n§:02(f(g),f(g)) J

ca(fi(w12), fa(war)) = ca(ay', 257)

X12 X21

/

ca(f1(9), f2(9))

where g is a Gaussian random variable with mean zero and variance xs.
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Gaussian equivalence principle

Corollary

Let X and Yy be as above. Then the non-linear random matrix model
Y has the same asymptotic eigenvalue distribution as the linear model

Vv =01 XN + 022,

where Z is a symmetric standard GOE random matrix which is
independent from Xy and where

and

02 : = VE[f(9)?] — E[f(9)]* — w2E[f'(9)]?,

where g is a Gaussian random variable with mean zero and variance ks.
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EESSS———
Example: The ReLU function
The function

f(z) = ReLU(z) := max(0, x).

o = = = DA
Roland Speicher (Saarland University) Non-linear random matrices




R
Example: The ReLU function
The function

f(z) = ReLU(z) := max(0, x).

The orthogonal invariant random matrix

Xy =A% + Ay + ByAn + AyBy + By,
where Ay and By are independent standard GOE.
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R
Example: The ReLU function
The function

f(z) = ReLU(z) := max(0, x).

The orthogonal invariant random matrix

Xy =A% + Ay + ByAn + AyBy + By,
where Ay and By are independent standard GOE.

We want to compare

non-linear random matrix Yy = ReLU(Xy)
versus

linear Gaussian equivalent Yy = XN+ 551 —2/m)Zn
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Xy =A% + Ay + ByAn
+ANBy + By

Roland Speicher (Saarland University) Non-linear random matrices



Xy =A% + Ay + ByAn
+ANBy + By

YN,

after applying ReLU

entrywise to X

035

s

s

8

o

Roland Speicher (Saarland University) Non-linear random matrices
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Xy =A% + Ay + ByAn Yy, after applying ReLU
+ANBy + By entrywise to Xy

035

Gaussian equivalent Yy = %XN + %\/5(1 —2/m)ZN

s

s

8

o
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Superposition of the eigenvalues of the non-linear
matrix Yy and of its Gaussian equivalent Yy

0.35

031 il

025 il

0.2 il

0.15 - B

01F B

0.05 - B

0
2 -1 0 1 2 3 4
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Extension to multivariate case

Consider 2 independent matrices

=G e X = G

and a function (for now, a polynomial)

f:R? >R
and define the non-linear random matrix Yy = (yij)%-:l by
1 1) 2) L
yij:{ﬁf(mx,.j,m%), i %
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Corollary

Let X](\}), X](\?) and Yy be as above. Then the non-linear random matrix
model Yy has the same asymptotic eigenvalue distribution as the linear
model

YN = 91X](\}) -+ HQXZ(\?) + 0Zy,

where Z is a symmetric standard GOE random matrix which is
independent from X](\}) and X](\?) and where

61 := E[01f(g1,92)], 02 := E[02f (g1, g2)]

and

0:= \/62(f(91792), Flar,92)) — k$D62 — P62,

where g1 and gy are independent Gaussian random variables with mean

. 1 2 .
zero and variance /-ig ) and /@é ), respectively.
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Example: the maximum function

The function

1
f(x1,22) = max(x1,x9) = 5(331 + z2 + |x1 — 22]).
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Example: the maximum function

The function

1
f(x1,22) = max(x1,x9) = §(x1 + x9 + |1 — T2|).

The orthogonally invariant random matrices

< _ —Ak +Bw @ _ Cn + CnDn + DnCy
N ’ N ’
V2 V12

where Ay, By, Cy, Dy are independent standard GOE.
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Example: the maximum function

The function

1
f(x1,22) = max(x1,x2) = §($1 + x9 + |1 — T2|).

The orthogonally invariant random matrices
. —A?V + By

) _ 5@ _ Ch + CnDy + DnCy
N \/5 ’ N \/ﬁ )

where Ay, By, Cy, Dy are independent standard GOE.

We want to compare
non-linear random matrix Yy = max(XF),XéZ))
versus

Gaussian linear equivalent Yy := %XJ(\}) + %X](\?) + % — %ZN
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X(l) _ —A}+Bn X(Q) _ Cx+CnDn+DNCn
N V2 N V12
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C%+CnDN+DNCy

(2) _
Xy = vl

Yy = max(X), xP)

Roland Spelcher (Saarland Unlver5|ty) Non~|mear random matrices 28 / 37
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C%+CnDN+DNCy
V12

x@ =

Yy = maX(X(l) (@ )) >

P Lx 4 1x @) 4
I|“““|||||| |||||““|‘||||Illnm..

l\.’JI»—l
|
3 |
N
=2

13

8

N |||
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Superposition of the eigenvalues of the non-linear
matrix Yy and of its Gaussian equivalent Yy

0.45

0.4 il

0.35 - B

03 S

0.25 - q

021 il

015 q

04 g

0.05 - q

0
-15 -1 -0.5 0 0.5 1 1.5 2
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Example: the maximum function

The function

1
f(x1,22) = max(x1,x2) = §($1 + x9 + |1 — T2|).

The orthogonally invariant random matrices
. —A?V + By

) _ 5@ _ Ch + CnDy + DnCy
N \/5 ’ N \/ﬁ )

where Ay, By, Cy, Dy are independent standard GOE.

We want to compare
non-linear random matrix Yy = max(XF),XéZ))
versus

Gaussian linear equivalent Yy := %XJ(\}) + %X](\?) + % — %ZN
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Example: something more non-linear

The function

1
flx1,29) = 51:?332 23313:2

The orthogonally invariant random matrices
—A?V + By

) _ 5@ _ Ch + CnDy + DnCy
N \/5 ’ N \/ﬁ )

where Ay, By, Cy, Dy are independent standard GOE.

We want to compare
non-linear random matrix Yy = max(XF),XéZ))
versus

Gaussian linear equivalent Y = %XJ(\}) - 2X](\?) +4/2 -9 —4zy

Roland Speicher (Saarland University) Non-linear random matrices 31 /37



Superposition of the eigenvalues of the non-linear
matrix Yy and of its Gaussian equivalent Yy

0.07

0.06

0.05

0.04

0.03

0.02

0.01

[¢]

-10 5 (o] 5 10
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Extension to multivariate case with correlation

Let X](\}) and Xj(\?) be jointly orthogonally invariant random matrices.

(risemn) . 1 n—1 (r1) (r2) (rn)
Ky = ]\}LnéoN Cn(Ty,i0s Tigips o Ti 50 )

and define the non-linear random matrix Yy = f(X](\}),X](\?)) = (yij)gjzl
by

1 (1) (2) C
i {67 (T ATE). i1
0, i=3j.
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Corollary

The non-linear random matrix model Y = f (X](\}),X (2)) has the same
asymptotic eigenvalue distribution as the linear model

Y i=60X9 +6,Xx2 + 62y,

where Z is a symmetric standard GOE random matrix which is
independent from X](\;) and X](\?) and where

61 :=E[01f(91,92)] 02 := E[02f (g1, g2)]

0 = \/Cz(f(91,g2), Fla1,92)) — k5102 — k52602 — 26529165,

where g1 and go are a Gaussian family of random variables with mean zero
and covariance

(1,1) (2,2)

c2(g1,91) = K3, c2(92,92) = Ky, ealg1, g2) = K.
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EESSS———
Example: the maximum function
The function

1
f(x1,22) = max(x1,x9) = 5(331 + z2 + |x1 — 22]).

o = = = DA
Roland Speicher (Saarland University) Non-linear random matrices




Example: the maximum function

The function

1
f(x1,22) = max(x1,x9) = §(x1 + x9 + |1 — T2|).

The orthogonally invariant random matrices

X AR V2By o)

\/g )

where Ay, By, Cy are independent standard GOE.

A% + CnAN + ANCy
V12 ’
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Example: the maximum function
The function

1
f(x1,22) = max(x1,x2) = §($1 + x9 + |1 — T2|).

The orthogonally invariant random matrices

< _ A% —V2By ) _ AN +CnAn + AnCy
N \/g ’ N \/ﬁ )

where Ay, By, Cy are independent standard GOE.

We want to compare
non-linear random matrix Yy = max(Xfl),Xém)
versus

Gaussian linear equivalent Yy = %X](\}) + %X](\?) +4/3— 52N
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Superposition of the eigenvalues of the non-linear
matrix Yy and of its Gaussian equivalent Yy

0.5

045 4

0.4 - =

0.35 q

031 G

025 b

02 &

015 q

01 g

0.05 - q

0
-1 -0.5 0 0.5 1 15 2 25 3
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EESSS———
What is still to do?
@ extend proofs from polynomials to more general functions

Non-linear random matrices
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I 0
What is still to do?

@ extend proofs from polynomials to more general functions

@ estimates for rate of convergence
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.
What is still to do?

@ extend proofs from polynomials to more general functions
@ estimates for rate of convergence

@ address question whether the Yy are asymptotically free from
deterministic matrices (as the X are)
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.
What is still to do?

@ extend proofs from polynomials to more general functions
@ estimates for rate of convergence

@ address question whether the Yy are asymptotically free from
deterministic matrices (as the X are)

o think about generalizations to random tensors
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.
What is still to do?

@ extend proofs from polynomials to more general functions
@ estimates for rate of convergence

@ address question whether the Yy are asymptotically free from
deterministic matrices (as the X are)

@ think about generalizations to random tensors

o clarify relation with work in statistical physics around quantum
symmetric simple exclusion process or the Eigenstate Thermalization
Hypothesis (Bernard and Huzra; Fava, Kuchan, Pappalardi)
— generalization to operator-valued free probability
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.
What is still to do?

@ extend proofs from polynomials to more general functions
@ estimates for rate of convergence

@ address question whether the Yy are asymptotically free from
deterministic matrices (as the X are)

o think about generalizations to random tensors

o clarify relation with work in statistical physics around quantum
symmetric simple exclusion process or the Eigenstate Thermalization
Hypothesis (Bernard and Huzra; Fava, Kuchan, Pappalardi)

— generalization to operator-valued free probability

Thank you for your attention!
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.
What is still to do?

@ extend proofs from polynomials to more general functions
@ estimates for rate of convergence

@ address question whether the Yy are asymptotically free from
deterministic matrices (as the X are)

o think about generalizations to random tensors

o clarify relation with work in statistical physics around quantum
symmetric simple exclusion process or the Eigenstate Thermalization
Hypothesis (Bernard and Huzra; Fava, Kuchan, Pappalardi)

— generalization to operator-valued free probability

Thank you for your attention!
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