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On Conjugate systems with respect to 
completely positive maps (arXiv:2412.1336)

Ref Si : = Plei) + 1(ei)
*
is called

B- valued semicircular family with

corariance 7.
B-valued Semicircular system [Shlyakhtenko 199]

Let (B, 1) be a tracial vNa,ij : B -> B linear maps 3, 31 : = B[Si : it 1)"

i
,jeI . SeijeBlezill , is t In

Define 7 : B + B B(11) -(Yij(a)b) = [(ajilb1) ElB,7) tracial.

3(b) = iTij(b)eij When B =C
,
it gives us the complex-valued

Long. sys

Let If 7 : B -> BOBIFI)) is normal & up derivation
, op valued ?

long. system.7 is called arovariance matrix.

Let (M , 2) be a tracial uNa.there exists a VN correspondence over $

B1M ,
X= (Vilie] <Ms.a

22(BRB , i) : = sanG BeiB : itI] Assume M = B(X>
"

a unique normal faithful

calib , cejd = i) b*

Yij(a
+c)d) EB:M + B T = t · EB

.

Covariance matrix 7 : B + DB1141))

7 : = 70EB : M -> BOBletI))
.the full fock space

L: MB M , 2) : = san [MeiM : itIs

F : = ↳(B ,t
Latib , cejd) = = )b*is(a*)d).

the left creation operator on Fe

l(2)b = 4 - b

& (h19, . 09d = 409, 0- 096
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L

Jef Define 3-partial derivative by : B(X) + 14MAM , 2) #m[L'24]
Ei is a (B , 3) -lonj · Var , if and only ifas a linear mapping

on (b) = 4ks" (3ibXj) = 7i5(b)
Gn(Xi) = e; (((d+1) (3:Xi,baxid) = 0

ry(pq) = (y(p)-9 + p. 0y(9)

Ex B-valued semicircular operators (Si) have

When 3 : Sijt ,
B = K, a (B , 41 -lonj· sys. .

Ei = Si.

Lef 3 : <LM , T) is called a (B, 3) - Conjugate Ex Let N = M *pE(B , Y) = B<X)" * BISS
"

variable Let Xilt) = Xi + ESi
,

Nt = <Xilt) : it I)
"

if < 3i , P)+ = < ei , tylp)>

If 3: exists for Fie], Et : N -> Nt

(Ei)izI is a 13 , 4) - conj· sys. ( Ex(Si))izI is a (B .B) -conj. Sys

When P = boxi
,

b... Xiaba for (xi(t))ie].
-(hip) = > eiboxib, bettbu : Xidd

= (iim (boxi, b- buil bu : Xidba) Krop [L124]

Assume there exists a (B, 4) -cons sys.

If 7= Sift, B=C + ) (5) ( then O is densely defined . On is closable·

O
*

(peig) = popcei)g - < 0y(p*)/eiim9
· Oy is well-defined if his exist

- p > ei/6y(9))m
< aeiblcejd > m

= b* Gij/a*)d.
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rop 12" 24]

For pe Mddom(n) , u, E Ms.a IropIthere exists a (B . 2) -conj. sys-If pu = 0
, pw= o , wajlp)n = 0.

Then EpinM(B(X > ) < dom(E) &M

Let For a self-adjoint X, and E is densely defined on BV(B/1M)

bEBsa is called an atom of X in B

if Her (X-b) + 0.

Ref <popa'06] A , B < M a tracial vNa.

#m (L'24] · Yii = Ep we say a corner of A embeds into 13 inside M

a self-adjoint polynomial P= zajXib; + Do write A[mB
has no atoms in B when FCTO sit. Eajbj <C. 1 if one of the followings holds :

· 4 = (fijEB) ij ① there exists projections pePA) . geP(B)
a self-adjoint polynomial p= at"Xibl

"
+ b. a nonzero partial isometry wegMp

has no atoms in B when 5190 s .
t . za,",=C: 1 a unital normal x-homomorphism

O : pAp + gBq s
. t . Olpap)w = r(pap)

FatA
.

ex) P= Xi , Pw= 0
, P

*
N = 0

w0p(p)w = 0 ② there does not exist a net of unitaries
= weiw = 0 CHilie] < A S .

t
. MmllE(Xniy) I =

o=< ei
,

weiw XX,YE M.

= t(m
,i (w) w)

= 11 EB1w)112
= w = 0. ② there exists a A, B-correspondence

K = (4M . T/ dimg(k) < 0.

if MKmB ,
M is diffuse relative to B.
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Drop [L'24] => &Ai has full central support in N.

Assume there exists a (B, 4) -conj. sys .
for Mii = EB. (4) and Ai are not centrally orthogonal in N.

then (a) Yi : = EBim (Xi) has no atoms in B. - a non-zero partial isometry weN s .

t.

(b) B<Y >" is diffuse relative to B. ~* [K]
,

ur* eAi.

(c) BV(B'1M) is diffuse relative to B. ~K = v((M . t) = -(Ai ,+)
u

is a Ai-B Correspondence Ai <B.
(Xi) = ei

Ihm2L there exists a 1B, 4) -cuj · sys. for 2
:

there arenoticentralrecor
is

>

7 = (SijE) i j. Then

z(BV(B'nM1) = z(B). : L (ABA , 1)=At

Any Ai-central rector in LAB,A , 2)

Pf) .
Let Xi = EBim (Xi) ,

Ai = BEXi)
"

would be a direct sum of Ai-central

A = BV (B' 1 M). vectors in L4ABEA, 2)

hAKA 3 Assume 3 - P1ADA, ) is Ai-central
-

vector. 113112 =
1 .

there exists an Ai-B correspondence K = [1,T)

with dimp < 00. Given 270 ,
let S=nejYn with Ph . Yet A

Let N = (Ail'n (JBJ)' , fai be the projection 11 y - S. 11 < 2.

from (A,T1 onto (4Ai, 2).

Since BCAi
,
JIBIM)J < N. By Step 1

, (AiknB)
NeaiL"(A , t) = NElAi, i) > NLB , 1)

S there exists a net of unitaries (Um/ <A;>)5. (12) Sit
.

Lim 1/ E(XUmY//le = 0 YXYEA.
m-> c
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For itj , Onij(i) = 0.In particular,
7

a unitary USA s .

f.

11 EBIXny(llz < *
X , ye[Xn . Yu**, Ye*: k=1.. d3. Stj([Xi , 3]) = [Xi

, Stj (3)],
1 %=nejYn) .

3 (4) M , 1).

Assume ZEz(A),1434*, 3031 < 32.

[xi , z] = 0.

:. 3 = 0131 < E. 0 = C · Saj1[*i , z]) &= [i , Go Jtj (2)] .

Step 3 Since 7 : (fijE)ij for DEB, 0 = (b.St,j(z)]
L/MEM , [1 = LMEM , 1)

Yij
Ai = B< Xi]"

, Enj0Ytj(z) is ti-central.and Up = [02 .5 where Onij : B(X) -> LIMIT
02 .j(Xi) = Sij(ei)

Enjopositive unbounded operator on(MIT)

Z-j = 0355;
zt dom (Wij) , EEij (2)= 0.

a bounded operator on LM .)

[Xj , z) = 0.

Stj = (_ 0 = Chis)[Xj . z]) = [ej . z].

11 St,j (y) -Y112 + 0.

0 = <[ej, z]
,
[ej, z)

Since Ytj ((4m)) <dom(8j) < dom (Enj) = < ljz , ejz) - < ejz , zej]
- <zej , ejz7 +<zej , zej]

En
,joJe, is bounded.

= [(z*

75)(1)z - z
*

35j(z)
- 4jj(z*)z + 7jj(z*z)
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0 = )z+

z - z
*

EB(z) - Eplz*z +Eplz*z)
-

> llz- EB(z)Ilz .

z = EBIz) EB .
z(A) CB1B'

A

for If XitB1 z(m) = z (B).

Ex Nt = B(Xi(t)" Xi(t) = Xi + ESi
.

Since Si -B1 , if Xi ED'

z(Nt) = z(B)
.


