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Polynomials

P4(S) := monic polynomials of degree d with all its roots contained in the set S C C.

For p € P4(C) we use the notation:
() =[0—Mlp) =3 K1) (Z) (1)

Roots:  Ai(p),..., Ada(p).
Coefficients: &.(p) := % Z A (p) - Ai(p)-

d
1
Empirical root distribution: p [p] := 5 Z&\i(p)
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For p € M(R>o), its S-transform [Voiculescu '87] is

Su(2) = T2 Nz) forz e (u({0}) - 1,0),

V4

where

<tz
V,(z) = /0 T tz,u(dt), z € C\ Rxo.

Main tool for free multiplicative convolution: S,x,(z) = 5,(2)S.(2).
Theorem (Arizmendi, Fujie, P, Ueda '24)
(pd)den sequence with pg € P4(R>0) and v € M(R>). The following are equivalent:

Q 4 [pd] — v weakly as d — oo.
@ Forevery t € (0,1 — p({0})),

im S (pa)
9% & (py)

Xt

= S, (—t).

Corollary. Under some assumptions,

(Aékd)(Pd))% = exp <f /Ot log Su(*X)dX) .
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Theorem (Arizmendi, Fujie, P, Ueda '24)
(pd)den sequence with pg € Pg(R>o) and v € M(R>o). Then

~(d)
. q(p)

ple »v & lim IGR=S,(~1).  forte (0,1-u({0}))

' oo ek

Xt

Laguerre of parameter 1 for d = 10 and d = 20.

S-transform in finite free probability Daniel Perales



Theorem (Arizmendi, Fujie, P, Ueda '24)
(pd)den sequence with pg € Pg(R>o) and v € M(R>o). Then

~(d)
. q(p)

ple »v & lim IGR=S,(~1).  forte (0,1-u({0}))

' oo ek

Xt

Laguerre of parameter 2 for d = 10 and d = 20.
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Finite Free Probability
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Finite free convolutions

Definition
Given p, g € P4, their multiplicative and additive convolutions are the polynomials
pXyq € Py and pHy g € Py with coefficients

&(p™a q) = é&(p)é(q), for k=1,2,...,d,
" k\ . "
&(p By q)iﬂz_k(i>ef(l?)'ef(q), for k=1,2,...,d.

By preserves real roots (Walsh 1922) If p, g € Py(R) then pHg g € Pq(R).

X4 preserves positive real roots (Szego 1922) If
p,q € Pa(R>0) = pXyqge Pa(Rso).

Basic properties: interpretation in terms of differential operators, bilinear, commutative,
associative, identity (x9 for By, (x — 1)? for Ky), preserve interlacing, preserve root
separation.

Preserves interlacing: If p,p, g € P4(R), then p<xp = pHig=<pHsgq.

p<p means Ai(p) < Ai(B) < Aa(p) < Ma(B) < -+ < Aa(p) < Aalp)
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Connection to Random Matrices and Free Probability

[Marcus, Spielman, Srivastava '15] Let A and B be d X d selfadjoint matrices with
characteristic polynomials p = x(A) and g = x(B). Then

pHiq=Eq[x(A+ QBQ")] and  pMaq=Eq[x(AQBQ")]

where Q ~ Haar measure over unitary (orthogonal or permutation) matrices.

[Marcus "16] Establishes a connection with free probability:
When d — oo, finite free convolutions should tend to free convolutions (Hy — H).
Studies Finite Free Probability and gives basic examples like LLN, CLT, Poisson limit.

Formally, consider sequences p = (pa)g2; and q = (qq)52; with pg, g4 € Py(R) and
limiting measures v(p),v(q) € Mc(R):  p[pa] — v(p) and wlga] — v(q).

[Marcus '16, Arizmendi, P '16]. Then u[ps Ba ga] — v(p) B r(q)

[Arizmendi, Garza-Vargas, P '21]. Then p[ps Kg qa] — v(p) B v(q).
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Finite S-transform
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Theorem (Arizmendi, Fujie, P, Ueda '24)
(pd)den sequence with pg € Pq(R>o) and v € M(R>o). Then

d—)oo
d—>t

plpa] v o Firn ;kd;((”)—S( t). forte (0,1 u({0}))

Definition

The finite S-transform of p € Py(Rxo) is the map

d =
S‘(, ) o {—%,—%,...,—%,—%} — Rso
k &9 ()
JRN— H -
d &9 (p)
Properties:

° prv,,q ( S) = St(’d) (_5) St(vd) (—5) . (direct from def of Xy)
° Slgd (- Hl) > 5 ( ) (by Newton inequalities)

o S (-8) S, (#57) =1
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Proof of main theorem
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Intuition: Multiplicative LLN

Given 1 € M(Rx>o), the (shifted) T-transform is the function T, : (0,1) — Rx>o with

1

=56

[Tucci '10, Haagerup and Méller '13]
there exists a limiting measure

®(u) = lim (™)™, char. by

Foy (Tu(t)) =t  forall t € (0,1).

[Fujie and Ueda 23]
Given p € Py(R>0), there exists

Py(p) := lim (p%m)/™,
m— o0
()
with roots A (Pa(p)) = jl;) (p) :
& 1(p)

for t € (0,1).
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Basic tool: differentiation

For k < d, denote by Oy g : Ps — Pk the operation 04 p := (p;)i%' Then:

0 &(ap) =&p)  forl<j<k
u1d (P Ba q) = (9uja p) Br (uja q)

Okia (PR q) = (Oxia P) Bk (Ouia q)
° H%) (aj\d p) = nﬁ,‘f) (Dﬂ%pﬂad%) , Where

K(p)=d T Y e(m)E(p)

TEP())
This yields a new proof of the following:

[Hoskins—Kabluchko 21, Arizmendi—Garza-Vargas—P 23]
Let p = (pda)32:1 be a sequence of polynomials such that u [ps] — v(p) real measure
determined by moments. Then

Okjapa — Dile(u™/*)  as  d— o0, and ¥ =t €(0,1)
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Case 1: compact support away from 0

Theorem

Assume the roots of the polynomials are contained in C = [, 8] C (0,00). Then

. d k

Jim S (<% =50,
kst

s (_ 5) _82(p)

FUd) dp)

&1 (Bua p)
Fé{i/)(akw P)

1
== LI
k Z )\(ak‘d p) ”‘Hak\dp]](o)
j=1
Then take limits and use relation from free probability that roughly says:

Su(—t) = Sy /oy (—1) = / 5 el dx) = — Gy, 176y (0)
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Proof of General case

Requires several steps, that gradually generalizing the previous ones.

e Compact interval containing 0. To avoid problems with %Zﬁzl m

that for t & X small enough, there exists ¢ > 0 such that 94 p € P(R>.) (roots are
uniformly bounded away from 0).

we show

Intuition: For 1 € M(Rxo) and t small enough, then &/t € M(R>.).

The proof of the uniform bound requires two main ingredients:

@ Show the bound for polynomials of the form xJ(1 — x)—.
(Classic result on the asymptotics of Jacobi polynomials)

@ Use a partial order on polynomials to reduce to the previous case.

o Case with unbounded support. We use cut-up and cut-down measures, and the
partial order on polynomials to reduce to the bounded case.
Note: We can also generalize the results on differentiation and fractional convolution
to allow unbounded support.

o Converse implication. Follows from the first implication and Helly’s Selection
Theorem.
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A partial order on polynomials

Partial order on measures. Given p,v € M(R) we say that ;1 < v if their cumulative
distribution functions satisfy F,(t) > F,(t) for all t € R.

[Bercovici, Voiculescu '93] for measures p, v € M(R) such that p < v,
o if p € M(R), then (uH p) < (vH p), and
o if p € M(Rxg), then (1K p) < (v K p).

S-transform in finite free probability

Daniel Perales



A partial order on polynomials

Partial order on measures. Given p,v € M(R) we say that ;1 < v if their cumulative
distribution functions satisfy F,(t) > F,(t) for all t € R.

[Bercovici, Voiculescu '93] for measures p, v € M(R) such that p < v,
e if p € M(R), then (uH p) < (v H p), and
e if p € M(Rx), then (uXp) < (v X p).

A partial order on polynomials: Given p, g € P4(R) we say that g, denoted p < q if
Ai(p) < Ai(q) forall i =1,2,...,d. Equivalently if 1 [p] < 1 [q].

Theorem (Arizmendi, Fujie, P, Ueda '24)

Hq and Xy preserve <. Namely, for p, q € P4(R) such that p < q.
Q Ifr e Py(R), then (pHq r) < (g HBqr).
@ Ifr € P4y(R>o), then (pXy r) < (qXgqr).
Q (Okja P) < (Oka q)-

Q d4(p) K d4(q)-

v
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Applications

Daniel Perales

S-transform in finite free prob:



Main applications

Theorem (Arizmendi, Fujie, P, Ueda '24) J

plpal = = p[®a(pa)] = S(u).

Conjectured in [Fujie and Ueda, '23].

Proposition (Arizmendi, Fujie, P, Ueda '24)

Consider sequences p = (pa)g21 and q = (gd)521 With pd, g4 € Py(R>0) and limiting
measures v(p),v(q) € M(R>o). Then p[ps Kg ga] — v(p) K v(q).

An extension of the result in [Arizmendi, Garza-Vargas, P'23] to unbounded measures,
but only when supported in R>o.
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Hypergeometric polynomials

For ai,...,ai, b1,...,b; € R, consider py = Hq [Zi’::’i’{'] € Py with coefficients
J k
~(d) brrbi 1\ o gk(i—i) I [s=q (bsd) k. d!
e \Ha| 07| )=d TVl where (d)* 1= ——.
k ( [ L ]) [T, (a:d)* (d — k)!
Then its finite S-transform is
T (ar — 2 " (ar+t
s (&)= Lmlemg) Lt g
s:l(b5 - T) Hs:l(bs + t)

This limit was also obtained recently in [Morales, Martinez-Finkelshtein, P ’ 24]

[ 1 [
-1 0 -1

o

S-transform in finite free probability Daniel Perales



Finite free multiplicative Poisson’s law of small numbers

[Bercovici, Voiculescu '92]: for A > 0 and 8 € R\ [0, 1] there exists a measure
Mx,3 € M(R>o) with S-transform given by

Su0(0) =0 (125 ).

It can be understood as a free multiplicative Poisson's law.

Proposition (Arizmendi, Fujie, P, Ueda '24)
Let A >0 and 8 € R\ [0,1], and

pAX)::(X——églﬂx——lf71szd[ﬁgﬁl

Then

u%%ﬂaﬂw as d = 0o mmgax
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Finite Free max-convolution powers

[Ben Arous, Voiculescu '06] Given v1,v2 € M(R), define the free max-convolution
measure v1 Mvs, with

Foy v, (Xx) := max{F,, (x) + F.,(x) — 1,0} for all x € R.
[Ueda "21] Given v € M(R) and t > 1, define the convolution powers /¢
F 2:(x) == max{tF,(x) — (t — 1),0},

Then, for ;1 € M(Rx0), one has that ®(Dily /- (u™*)) = &(u)¥*.

Definition (Arizmendi, Fujie, P, Ueda '24)

Given p € P4(R) and 1 < k < d, define pM% € P«(R) with roots

)\j(pmg):kj(p) forj=1,..., k.

Proposition (Arizmendi, Fujie, P, Ueda '24)

Let p € Py(Rso). Then ®k(Buya p) = (P4(p))™ .

v
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Other results

@ Using hypergeometric polynomials and multiplicative convolution, we can provide
some finite analogue of free stable laws.

@ We can extend the definition of the finite S-transform to include symmetric
polynomials in the real line. Similar to how it is done in [Arizmendi, Pérez-Abreu
'09] for free probability.

Can we generalize this type of results to measures on the complex plane?
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Thanks!
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