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Let H be a separable Hilbert space, andM� B (H) be
a factor.

An operator T 2 M is called reducible, if there exists
a projection /P 6= 0; I inM, such that TP = PT . Let
Red(M) be the collection of reducible operators inM.

Problem 1 IsM the norm closure of Red(M)?

In 1976 D. Voiculescu gave an a¢ rmative answer when
M = B (H), which answered a question of Halmos.



Another consequence of Voiculescu�s noncommutative Weyl-
von Neumann theorem is his Bicommutant theorem for
the Calkin algebra:

For every separable unital C*-subalgebraD � B
�
`2
�
=K

�
`2
�

we have D = D00.

Arveson extended this result to show that if A is a sep-
arable unital norm-closed subalgebra of B

�
`2
�
=K

�
`2
�
,

and t 2 B
�
`2
�
=K

�
`2
�
, then there is a projection p 2

B
�
`2
�
=K

�
`2
�
such that

(1� p)Ap = f0g and k(1� p) tpk = dist (t;A) .

G. Pedersen in 1988 asked if B is a �-unital C*-algebra
with multiplier algebraM (B) and corona algebraC (B) =
M (B) =B, under what conditions on B, does every
separable unital C*-algebra D � C (B) satisfy

D = D00 ?

T. Giordano and P. W. Ng in 2019 gave an a¢ rmative
answer when B is stable, simple and purely in�nite



Problem 2 SupposeM is a separable type II1 factor
and KM is the closed ideal generated by the �nite projec-
tions inM. Does Pedersen�s question have an a¢ rmative
answer?

Since KM is the unique nontrivial closed ideal inM, this
question is more closely related to Voiculescu�s result, and
KM is not purely in�nite, so T. Giordano and P. W. Ng�s
result does not apply.



Voiculescu�s non-commutative Weyl-von Neumann
theorem gives a characterization of approximate (unitary)
equivalence of unital representations of a separable
C*-algebra A into B

�
`2
�
.

We say that representations �; � : A ! B
�
`2
�
are

approximately equivalent, denoted by � �a �, if and
only if there is a sequence fUng of unitary operators such
that, for every a 2 A,

lim
n!1 kU

�
n� (a)Un � � (a)k = 0:

If in addition, we have, for every n � 1 and every a 2 A,
we have

U�n� (a)Un � � (a) 2 K
�
`2
�
;

we say that � and � are approximately equivalent relative
to K

�
`2
�
and denote it by � �a �

�
K
�
`2
��
:



Voiculescu�s theorem (1976) says that the following are
equivalent:

1. � �a �

2. � �a �
�
K
�
`2
��

3. We have

(a) ker � = ker �

(b) ��1
�
K
�
`2
��
= ��1

�
K
�
`2
��
;

(c) The nonzero parts of �j��1(K(`2)) and �j��1(K(`2))
are unitarily equivalent.



In 1981, I proved that condition (3) in Voiculescu�s the-
orem was equivalent to: For every a 2 A,

rank (� (a)) = rank (� (a)) :

This formulation emphasizes the power of Voiculescu�s
theorem by showing that a simple purely algebraic condi-
tion is equivalent to a very strong geometric one.

I also proved that if A is any unital C*-algebra, and H is
any Hilbert space and �; � : A ! B (H) are unital rep-
resentations, the � �a � (using nets of unitaries) if and
only if, for every a 2 A, rank (� (a)) = rank (� (a)).
Moreover, if A is separable and m = dimH > @0,
and Km = fK 2 B (H) : rank (K) < mg�kk is the
unique maximal ideal in B (H) ; then � �a � is equiv-
alent to � �a � (Km) if and only if m is countably
co�nal (i.e., m is the sup of a sequence of smaller car-
dinals). In this case B (H) =Km yields an a¢ rmative
answer to Pedersen�s question.



A key ingredient in the proof of Voiculescu�s theorem is
the following:

Lemma 3 SupposeA is a separable unital C*-subalgebra
of B

�
`2
�
and H is a separable Hilbert space and ' :

A ! B (H) is a unital completely positive map such
that A \ K

�
`2
�
� ker'. Then there is a sequence

fVng of isometries such that

1. For every A 2 A, limn!1 kV �nAVn � ' (A)k = 0; and

2. For every A 2 A and every n � 1, V �nAVn � ' (A) 2
K (H).

Moreover, if ' is a unital �-homomorphism, then
idA �a idA � '

�
K
�
`2
��

This is the result we want to generalize.



Throughout we assume that M is a separable properly
in�nite factor and A is a separable unital C*-subalgebra
of M, and KM is the norm closed ideal generated by
the �nite projections inM.

De�nition 4 (Factorable Map) Let  : A ! M be a
completely positive map with  jA\KM = 0. If  =

� � � for some n � 1 and some completely positive
maps � : A ! Mn (C) and � : Mn (C) ! M with
�jA\KM = 0, then we say that  is factorable with
respect to KM. Let F = F (A;M;KM) denote the
set of all factorable maps with respect to KM from A
intoM.

The following results by A. Ciuperca, T. Giordano, P. W.
Ng, and

Z. Niu in 2013 played a critical role in the proof of our
result.



Lemma 5 LetM be a separable properly in�nite factor,
A a unital separable C*-subalgebra ofM, and P 2 KM
a �nite projection. Then every map  2 F(A,M,KM)
can be approximated in the pointwise-norm topology by
maps of the form A 7! V �AV , where V 2 M and
PV = 0. In particular, V can be selected as a partial
isometry such that V �V =  (I) when  (I) is a projec-
tion.



De�nition 6 Let SF = SF (A;M;KM) denote the
set of all maps of the form

P
n2N n, where  n 2

F(A,M,KM) for every n 2 N, and the series
P
n2N n (I)

converges in the strong-operator topology. Let cSF =

cSF (A;M;KM) denote the closure of SF in the pointwise-
norm topology.

Theorem 7 LetM be a separable properly in�nite fac-
tor, A a unital C*-subalgebra of M, and P 2 KM be
a �nite projection. Then any  2 cSF can be approx-
imated in the pointwise-norm topology by maps of the
form A 7! V �AV , where V 2 M and PV = 0. In
particular, V can be selected as a partial isometry such
that V �V =  (I) when (I) is a projection.



WhenM is a semi�nite properly in�nite factor, we have
the following result.

Theorem 8 LetM be a separable properly in�nite semi-
�nite factor, A a separable unital C*-subalgebra of M,
and P 2 KM a �nite projection. Then for any  2 cSF ,
there is a sequence fVkg inM, such that

(1) PVk = 0 for every k 2 N .

(2) limk!1
 (A)� V �k AVk

 = 0 for every A 2 A.
(3)  (A) � V �k AVk 2 KM for every k 2 N and every
A 2 A.

In particular, Vk can be selected as a partial isometry
such that V �k Vk =  (I) when  (I) is a projection.



Here are our main results.

Theorem 9 LetM be a separable properly in�nite fac-
tor, A a separable unital C*-subalgebra of M. If � 2
cSF is a unital �-homomorphism, then

idA �a idA � � :

Furthermore, ifM is semi�nite, then

idA �a idA � � (KM) :

This doesn�t give us the full analogue of Voiculescu�s key
lemma. However,M contains a copy B of B

�
`2
�
, and

we have the following analogue.

Theorem 10 LetM be a separable properly in�nite fac-
tor, A a separable unital C*-subalgebra of M. If � :
A ! B is a unital �-homomorphism and A \ KM �
ker �, then

idA �a idA � � :

Furthermore, ifM is semi�nite, then

idA �a idA � � (KM) :



Corollary 11 IfM be is separable properly in�nite fac-
tor, then Red (M) is dense inM.

Corollary 12 IfM be is separable properly in�nite semi-
�nite factor, and A is a unital separable norm closed
subalgebra ofM=KM and t 2M=KM, then there is a
projection p 2M=KM such that

(1� p)Ap = f0g and k(1� p) tpk = dist (t;A) :

If A is a C*-algebra, then A = A00.



WhenM is a separable type III factor, then KM = 0

and we obtain asymptotic versions of the above corollar-
ies.

Theorem 13 SupposeM is a separable type III factor
and A is a unital closed subalgebra ofM and T 2 M.
Then there is a net fP�g of projections such that

1. lim� k(1� P�)AP�k = 0 for every A 2 A, and

2. lim� k(1� P�)TP�k = dist (T;A) :

Moreover, if A is a C*-algebra, then A is equal to its
approximate bicommutant inM.

The theorem says that A is approximately hyperre�exive
inM. For B (H) the �rst author proved that if A is a
unital C*-subalgebra of B (H) and T 2 B (H), there is
a net fP�g of projections in B (H) such that (1) holds
and lim� k(1� P�)TP�k � 1

29dist (T;A).



Suppose A is a subalgebra B
�
`2
�
. We de�ne

ApprAlgLat (A)

to be the set of all operators T for which
lim� k(1� P�)TP�k = 0 whenever fP�g is a net of
projections in B

�
`2
�
such that, for every A 2 A,

lim� k(1� P�)AP�k = 0. The algebra A is called
strongly reductive whenever A� � ApprAlgLat(A). In
1976 C. Apostol, C. Foiaş, D. Voiculescu proved that
every commutative strongly reductive algebra is a C*-
algebra. Later, Bebe Prunaru proved the same for any
subalgebra of B

�
`2
�
. Our last theorem proves that any

unital norm closed subalgebra of a separable type III von
Neumann algebraM that is strongly reductive inM is
a C*-algebra.



After our paper was typed up, we learned from our private
communication with P. W. Ng that Giordano, Kaftal and
Ng also obtained similar results with di¤erent proofs.



Some of our results are true in more general algebras.

Suppose ' is a state on a unital C*-algebra A. We say
that ' can be excised by projections if there is a net
fP�g of nonzero projections such that, for every A 2 A,

lim
�
kP�AP� � ' (A)P�k = 0:

Nate Brown 2005 proved that if A is simple and RR0,
then every state on A can be excised by projections.



We say that a unital C*-algebraA is projectionally prime
if whenever P;Q 2 A and PAQ = 0, we must have
P = 0 or Q = 0. A von Neumann algebra is projec-
tionally prime if and only if it is a factor. An RR0 unital
C*-algebra A is projectionally prime if and only if each
pair P;Q of nonzero projections in A have nonzero sub-
projections that are Murray von Neumann equivalent.

Lemma 14 Suppose A is a unital RR0 C*-algebra. The
following are equivalent:

(1) Every state on A can be excised by projections.

(2) A = C or A is projectionally prime and has no min-
imal projections.



Lemma 15 Suppose A is a unital RR0 C*-algebra and
J is an ideal in A such that

(1) A=J is projectionally prime and has no minimal pro-
jections.

(2) Every nonzero projection in A=J is equivalent to I.

Then, for every state ' on A such that A \ J � ker',
there is a net fV�g of isometries in AnJ such that, for
every A 2 A,

lim
�
kV ��AV� � ' (A) Ik = 0.



Lemma 16 Suppose A is a unital RR0 C*-algebra and
J is an ideal in A such that

(1) A=J is projectionally prime and has no minimal pro-
jections.

(2) Every nonzero projection in A=J is equivalent to I.

(3) For some n 2 N, A is isomorphic to Mn (A) such
that the matrix unit e11 is equivalent to I.

Then, for every unital completely positive map ' : A !
Mn (C) with A \ J � ker', there is a net fV�g of
isometries in A such that, for every A 2 A,

lim
�
kV ��AV� � ' (A)k = 0.

Suppose A is a purely in�nite factor von Neumann alge-
bra on any Hilbert space, and J is a maximal ideal of A.
Then the preceding lemma applies.



Theorem 17 SupposeM is a purely in�nite factor von
Neumann algebra on any Hilbert space and J is a max-
imal ideal in M and J is sequentially weak* dense in
M. Then there is a von Neumann subalgebra B of M
such that B is isomorphic to a countable direct sum of
copies of B

�
`2
�
,and such that, if A is a separable uni-

tal C*-subalgebra of M and � : A ! B is a unital
�-homomorphism such that A\ J � ker �; then

idA �a idA � � (J) :

Corollary 18 SupposeM is a purely in�nite factor von
Neumann algebra on any Hilbert space and J is a maxi-
mal ideal inM and J is sequentially weak* dense inM.
IfA is a unital separable norm closed subalgebra ofM=J

and T 2 M=J , then there is a projection P 2 M=J

such that

PAP = 0 and k(1� P )TPk = dist (T;A) .

If A is a C*-algebra, then A = A00:


