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Introduction Matrix-valued semicircular elements

Basics from noncommutative probability theory

Throughout the following, let (M, 7) be a tracial W*-probability space,
i.e., a finite von Neumann algebra M which is endowed with a faithful
normal tracial state 7 : M — C.

Definition

For x = 2* € M, the (analytic) distribution of x is the Borel probability
measure (i, on the real line R which is uniquely determined by

P((21 — $)_1) =G, (2) for all z € CT.

Notation: For any Borel probability measure ;1 on R, we denote by
G,: Ct—C, z»—)/du()

where C* := {z € C | £ Im(z) > 0}, the Cauchy transform of .
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Introduction Matrix-valued semicircular elements

Matrix-valued semicircular elements |

Definition

An operator s = s* € M which satisfies

1
d,us(t) = % 4 — t2 1[,2,2] (t) dt o

is called (standard) semicircular element.

Let us consider now the “augmented” tracial WW*-probability space
(M, (C) @ M, tr,,, ®T), where tr,, = % Tr,,, Trm((aij)%zl) =30 ag.

Tobias Mai (Saarland University) Fuglede-Kadison determinant August 2, 2024



Introduction Matrix-valued semicircular elements

Matrix-valued semicircular elements |

Definition
An operator s = s* € M which satisfies
1
d,LLs(t) = % 4 — t2 1[,2,2] (t) dt

is called (standard) semicircular element.

Let us consider now the “augmented” tracial WW*-probability space
(M (C) ® M, try, ®7), where tr,, = = Tr,,, Trp((aig)7%21) = D002 aii-

Definition

A matrix-valued semicircular element is a noncommutative random variable
in (Mp,(C) ® M, tr,, ®7) which is of the form
S=a1®81+ +a,® sy
with @ s1,..., 5, freely independent semicircular elements in M;
Q ay,...,a, selfadjoint matrices in M,,(C).
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Introduction Matrix-valued semicircular elements

Matrix-valued semicircular elements I

S:=a1®s1+ -+ a, ® s, is a centered operator-valued semicircular
element with the covariance 7 : M,,(C) — M,,(C) which is given by
n
n(b) :=E[SbS] = Y ajba;  with  E:=idy, ) @
j=1
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Introduction Matrix-valued semicircular elements

Matrix-valued semicircular elements I

S:=a1®s1+ -+ a, ® s, is a centered operator-valued semicircular
element with the covariance 7 : M,,(C) — M,,(C) which is given by

n(b) :=E[SbS] = Y ajba;  with  E:=idy, ) @
j=1
@ The operator-valued Cauchy transform of S, which is given by
Gs: HT(M(C)) = H™ (Mn(C)), b—E[b®1-S5)""],
where H*(M,,,(C)) := {b € M,,(C) | £Im(b) > 0}, is determined
uniquely by the Dyson equation
bGs(b) = 1, +n(Gs(b))Gs(b)  for all b € HY (M, (B)).
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Introduction Matrix-valued semicircular elements

Matrix-valued semicircular elements I

S:=a1®s1+ -+ a, ® s, is a centered operator-valued semicircular
element with the covariance 7 : M,,(C) — M,,(C) which is given by

n(b) :=E[SbS] = Y ajba;  with  E:=idy, ) @
j=1
@ The operator-valued Cauchy transform of S, which is given by
Gs: HT(M(C)) = H™ (Mn(C)), b—E[b®1-S5)""],
where H*(M,,,(C)) := {b € M,,(C) | &Im(b) > 0}, is determined
uniquely by the Dyson equation
bGs(b) = 1, +n(Gs(b))Gs(b)  for all b € HY (M, (B)).
@ The scalar-valued Cauchy transform of ug is related to Gg by
Gugs(2) = trp(Gs(21,,)) forall z € CT.
We obtain ug from Gg with the help of Stieltjes inversion.
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Introduction Matrix-valued semicircular elements

Example

Consider the matrix-valued semicircular element

0 20 0 01 010
S=12 0 0] ®s1+ |0 0 0] ®s2+ |1 0 1| ® s3.
0 00 1 00 010

We obtain for 115 the following (approximate) density:

Fuglede-Kadison determinant August 2, 2024
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Introduction The noncommutative Edmonds’ problem

The noncommutative Edmond's problem

Let C(xy,...,Xy,) be the algebra of noncommutative polynomials in the
formal non-commuting ideterminates x1,...,X,.
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Introduction The noncommutative Edmonds’ problem

The noncommutative Edmond's problem

Let C(xy,...,xy,) be the algebra of noncommutative polynomials in the
formal non-commuting ideterminates x1,...,X,.

Definition

Let A € M, (C(x1,...,X,)) be given.
@ For A # 0, the (inner) rank rank(A) of A is the least integer k£ > 1 for
which A can be written as A = R; Ry with some rectangular matrices
Ry € Mpxk(C(x1,...,%,)) and R € Mixm(C(x1,...,Xn)).
In the particular case A = 0, we put rank(A) = 0.
o We say that A is full if it has full rank, i.e., if rank(A) = m.
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Introduction The noncommutative Edmonds’ problem

The noncommutative Edmond's problem

Let C(xy,...,xy,) be the algebra of noncommutative polynomials in the
formal non-commuting ideterminates x1,...,X,.

Definition
Let A € M, (C(x1,...,X,)) be given.
@ For A # 0, the (inner) rank rank(A) of A is the least integer k£ > 1 for
which A can be written as A = R; Ry with some rectangular matrices
Ry € Mpxk(C(x1,...,%,)) and R € Mixm(C(x1,...,Xn)).
In the particular case A = 0, we put rank(A) = 0.
o We say that A is full if it has full rank, i.e., if rank(A) = m.

Noncommutative Edmonds’ problem

Decide fullness (or, more generally, compute the inner rank) of
A=a1x1+ -+ anXp € My (C{x1,...,Xn)).

w  [Garg, Gurvits, Oliveira, Wigderson (2016,2020)], . ..
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Introduction The noncommutative Edmonds’ problem

An analytic approach using matrix-valued semicirculars |

Let A =a1x; + -+ apxy € My, (C(x1,...,x,)) be given.
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Introduction The noncommutative Edmonds’ problem

An analytic approach using matrix-valued semicirculars |

Let A =a1x; + -+ apxy € My, (C(x1,...,x,)) be given.
@ By passing to the hermitization
P L R [
a; 0 ay, 0O

in Mo, (C(x1,...,X%y,)), we may assume without loss of generality
that A is hermitian; note that rank(A") = 2rank(A).
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Introduction The noncommutative Edmonds’ problem

An analytic approach using matrix-valued semicirculars |

Let A =a1x; + -+ apxy € My, (C(x1,...,x,)) be given.
@ By passing to the hermitization
PO [ U (R
a; 0 ay, 0O
in Mo, (C(x1,...,X%y,)), we may assume without loss of generality
that A is hermitian; note that rank(A") = 2rank(A).
o To A = A*, we associate the matrix-valued semicircular element
S=a1®s1 4+ +a,®s, in (My,(C)® M,tr,, ®T), where
S1,...,Sn are freely independent semicircular elements in (M, 7).
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Introduction The noncommutative Edmonds’ problem

An analytic approach using matrix-valued semicirculars |

Let A=aix1+ -+ anXx, € My (C(x1,...,%,)) be given.
@ By passing to the hermitization
PO [ U (R
a; 0 ay,
in Mo, (C(x1,...,X%y,)), we may assume without loss of generality
that A is hermitian; note that rank(A") = 2rank(A).
o To A = A*, we associate the matrix-valued semicircular element
S=a1®s1 4+ +a,®s, in (My,(C)® M,tr,, ®T), where
S1,...,Sn are freely independent semicircular elements in (M, 7).

Theorem (Shlyakhtenko, Skoufranis (2015); M., Speicher, Yin (2023))

@ The analytic distribution ug of S is of “regular type”.
@ The only possible values of pg({0}) are {% | k=0,1,...,m}.
© We have rank(A4) = m(1 — pus({0})).
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Introduction The noncommutative Edmonds’ problem

An analytic approach using matrix-valued semicirculars

Now, our task is to compute 15({0}).
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Introduction The noncommutative Edmonds’ problem

An analytic approach using matrix-valued semicirculars

Now, our task is to compute 15({0}).
@ Recall that G's and hence G,,; can be computed efficiently.
v=  [Helton, Rashidi Far, Speicher (2007)]
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Introduction The noncommutative Edmonds’ problem

An analytic approach using matrix-valued semicirculars

Now, our task is to compute 15({0}).
@ Recall that G's and hence G,,; can be computed efficiently.
i [Helton, Rashidi Far, Speicher (2007)]
@ There are a priori and a posteriori error bounds.
w  [M., Speicher, Hoffmann (2023)]
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Introduction The noncommutative Edmonds’ problem

An analytic approach using matrix-valued semicirculars

Now, our task is to compute 15({0}).
@ Recall that G's and hence G,,; can be computed efficiently.
v=  [Helton, Rashidi Far, Speicher (2007)]

@ There are a priori and a posteriori error bounds.
w  [M., Speicher, Hoffmann (2023)]

Proposition (M., Speicher, Hoffmann (2023))
Let 1 be a Borel probability measure on R. We define the function
0, RT =R,y —yIm(G,(iy)) = Re(iyGu(iy))
on R := (0,00), where G,, : C* — C~ is the Cauchy transform of p.
Then, the following statements hold true:
@ We have limy_,+ 6,(y) =1 and lim,_,0 0, (y) = n({0}).
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Introduction The noncommutative Edmonds’ problem

An analytic approach using matrix-valued semicirculars

Now, our task is to compute 15({0}).
@ Recall that G's and hence G,,; can be computed efficiently.
v=  [Helton, Rashidi Far, Speicher (2007)]

@ There are a priori and a posteriori error bounds.
w  [M., Speicher, Hoffmann (2023)]

Proposition (M., Speicher, Hoffmann (2023))
Let 1 be a Borel probability measure on R. We define the function
Ou: RT =R, y— —yIm(Gu(iy)) = Re(iyGu(iy))
on R := (0,00), where G,, : C* — C~ is the Cauchy transform of p.
Then, the following statements hold true:
@ We have limy_,+ 6,(y) =1 and lim,_,0 0, (y) = n({0}).
@ The function 6, is increasing.
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Introduction The noncommutative Edmonds’ problem

An analytic approach using matrix-valued semicirculars

Now, our task is to compute 15({0}).
@ Recall that G's and hence G,,; can be computed efficiently.
v=  [Helton, Rashidi Far, Speicher (2007)]

@ There are a priori and a posteriori error bounds.
w  [M., Speicher, Hoffmann (2023)]

Proposition (M., Speicher, Hoffmann (2023))
Let 1 be a Borel probability measure on R. We define the function
0,: R" > R", y+— —yIm(G,(iy)) = Re(iyG,(iy))
on R := (0,00), where G,, : C* — C~ is the Cauchy transform of p.
Then, the following statements hold true:
@ We have limy_,+ 6,(y) =1 and lim,_,0 0, (y) = n({0}).
@ The function 6, is increasing.
© We have 1({0}) < 6,(y) for all y € RT.
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Introduction The noncommutative Edmonds’ problem

Example

Consider again the matrix-valued semicircular element

0 20 0 0 1 0 10
S=12 0 0|l ®s1+ (0 0 0| ®s9+ (1 0 1| ® s3.
0 00 100 0 10
We can obtain arbitrarily good approximations 6 for Ous (y):

1.00

0.67

—IZ —‘1 (I) i 2 3 4 _é: é 7 E‘K S; 10 1‘1
-log_l10(distance from the real axis)
August 2, 2024

Tobias Mai (Saarland University) Fuglede-Kadison determinant



Introduction The noncommutative Edmonds’ problem

Example

Consider again the matrix-valued semicircular element

0 20 0 0 1 0 10
S=12 0 0|l ®s1+ (0 0 0| ®s9+ (1 0 1| ® s3.
0 00 100 0 10
We can obtain arbitrarily good approximations 6 for Ous (y):

1.00

How small must y > 0
be chosen so that we
can decide whether
s({0}) < L or not?

0.67

—IZ -1 (I) i 2 3 4 ; é 7 E; é 10 1‘1
-log_l10(distance from the real axis)
August 2, 2024
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Example

Consider again the matrix-valued semicircular element

0 20 0 0 1 0 10
S=12 0 0|l ®s1+ (0 0 0| ®s9+ (1 0 1| ® s3.
0 00 100 0 10
We can obtain arbitrarily good approximations 6 for Ous (y):

1.00

How small must y > 0
be chosen so that we
can decide whether
s({0}) < L or not?

0.67
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How close do we have to get to the real axis?
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Introduction The noncommutative Edmonds’ problem

How close do we have to get to the real axis?

Definition
A Borel probability measure p is said to be of regular type if it is of the form
= p({0})do + v

for some finite Borel measure v for which there are ¢ > 0, 8 € (0,1] and
r9 > 0 such that

v([—r,7]) < erP for all 0 < r < rg.
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Introduction The noncommutative Edmonds’ problem

How close do we have to get to the real axis?

Definition
A Borel probability measure p is said to be of regular type if it is of the form
= p({0})do + v

for some finite Borel measure v for which there are ¢ > 0, 8 € (0,1] and
r9 > 0 such that

v([—rr]) <erf  forall 0 <7 <.

Proposition (M., Speicher, Hoffmann (2023))

Let i be of regular type. Put v := ﬁ and yp := ré/v; then

0,(y) — n({0}) < (c+ V(R)y™7  forall 0<y < yo.
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Introduction The noncommutative Edmonds’ problem

How close do we have to get to the real axis?

Definition

A Borel probability measure p is said to be of regular type if it is of the form
= p({0})do + v

for some finite Borel measure v for which there are ¢ > 0, 8 € (0,1] and
r9 > 0 such that

v([—rr]) <erf  forall 0 <7 <.

Proposition (M., Speicher, Hoffmann (2023))

Let i be of regular type. Put v := ﬁ and yp := ré/v; then

0,(y) — n({0}) < (c+ V(R)y™7  forall 0<y < yo.

Problem: Parameters ¢, 8, rg are not known in general.
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Introduction The noncommutative Edmonds’ problem

How close do we have to get to the real axis?

Definition

A Borel probability measure p is said to be of regular type if it is of the form
= p({0})do + v

for some finite Borel measure v for which there are ¢ > 0, 8 € (0,1] and
r9 > 0 such that

v([—rr]) <erf  forall 0 <7 <.

Proposition (M., Speicher, Hoffmann (2023))

Let i be of regular type. Put v := ﬁ and yp := ré/v; then

0,(y) — n({0}) < (c+ V(R)y™7  forall 0<y < yo.

Problem: Parameters ¢, 8, rg are not known in general.
Idea: Use Fuglede-Kadison determinant instead!
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Fuglede-Kadison determinant of matrix-valued semicirculars = Statement of the first main result

The Fuglede-Kadison determinant ...
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Fuglede-Kadison determinant of matrix-valued semicirculars = Statement of the first main result

The Fuglede-Kadison determinant ...

Definition (Fuglede, Kadison (1952))

For a (not necessarily selfadjoint) operator x € M its Fuglede-Kadison
determinant is defined by

Afa) = exp ([ Tou(0) 1)) € [0.09),

where |z| := (z*z)/2.
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Fuglede-Kadison determinant of matrix-valued semicirculars = Statement of the first main result

The Fuglede-Kadison determinant ...

Definition (Fuglede, Kadison (1952))

For a (not necessarily selfadjoint) operator x € M its Fuglede-Kadison
determinant is defined by

Afa) = exp ([ Tou(0) 1)) € [0.09),

where |z| := (z*z)/2.

Fact: For (M, 7) = (M,,(C), tr,,), we get A(b) = | det(b)|*/™.

Tobias Mai (Saarland University) Fuglede-Kadison determinant August 2, 2024 11/25



Fuglede-Kadison determinant of matrix-valued semicirculars = Statement of the first main result

The Fuglede-Kadison determinant ...

Definition (Fuglede, Kadison (1952))

For a (not necessarily selfadjoint) operator x € M its Fuglede-Kadison
determinant is defined by

Afa) = exp ([ Tou(0) 1)) € [0.09),

where |z| := (z*z)/2.

Fact: For (M, 7) = (M,,(C), tr,,), we get A(b) = | det(b)|*/™.
Lemma (M., Speicher, Hoffmann (2024))

Let © = 2* € M be invertible. Then, for all 0 < & < ||z||, we have

log ||z|| — log A(x
) < lellell =108 AG)
log ||z|| — loge
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Fuglede-Kadison determinant of matrix-valued semicirculars = Statement of the first main result

of matrix-valued semicircular elements
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Fuglede-Kadison determinant of matrix-valued semicirculars = Statement of the first main result

. of matrix-valued semicircular elements

Definition (Gurvits (2004))
The capacity of a positive map 7 : M,,(C) — M,,(C) is defined by

cap(n) = inf{det(n(b)) | b € My (C),b > 0, det(b) = 1}.
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Fuglede-Kadison determinant of matrix-valued semicirculars = Statement of the first main result

. of matrix-valued semicircular elements

Definition (Gurvits (2004))
The capacity of a positive map 7 : M,,(C) — M,,(C) is defined by

cap(n) := inf{det(n(b)) | b € M (C),b > 0,det(b) = 1}.

Theorem (M., Speicher (2024))
Consider a (not necessarily selfadjoint) matrix-valued semicircular element
S=a1®s1+--+a,®s, for ai,...,a, € My(C)

with the associated covariance map

n: Mu(C) = My(C), b Y abaj.
=1

Then we have for the Fuglede-Kadison determinant of S that

A(S) = cap(n)Fme 3.
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Fuglede-Kadison determinant of matrix-valued semicirculars = Statement of the first main result

The dual covariance map
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Fuglede-Kadison determinant of matrix-valued semicirculars = Statement of the first main result

The dual covariance map

To a matrix-valued semicircular element S = a1 ® 51 + - - + a, ® s, we
can associate two compIeter positive maps 7, n* : M,,(C) — M (C) by

n(b) = E[ShS*] = Zalba and  7*(b) = E[S*bS] = Zabal
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Fuglede-Kadison determinant of matrix-valued semicirculars = Statement of the first main result

The dual covariance map

To a matrix-valued semicircular element S = a1 ® 51 + - - + a, ® s, we
can associate two completely positive maps 7, n* : M,,(C) — M (C) by

n(b) = E[ShS*] = Zalba and  7*(b) = E[S*bS] = Zabaz

@ These maps n,n* : M,,(C) — M,,(C) are related by
(n(br),b2) = (b1,7"(b2))  forall by, by € My, (C),

where (-, ) is the inner product on M,,(C) which is defined by
(b1, ba) = try,(b103); thus, n* is the dual to n with respect to (-, ).
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Fuglede-Kadison determinant of matrix-valued semicirculars = Statement of the first main result

The dual covariance map

To a matrix-valued semicircular element S = a1 ® 51 + - - + a, ® s, we
can associate two completely positive maps 7, n* : M,,(C) — M (C) by

n(b) = E[ShS*] = Zalba and  7*(b) = E[S*bS] = Zabaz

@ These maps n,n* : M,,(C) — M,,(C) are related by
(n(b1),b2) = (b1,m"(b2))  forall by, by € M (C),
where (-, ) is the inner product on M, (C) which is defined by
(b1, ba) = try,(b103); thus, n* is the dual to n with respect to (-, ).

@ Since A(S) = A(S™), our theorem readily implies cap(n) = cap(n*).
This is consistent with the fact that

cap(n)m = inf{trm, (n(b1)b2) | b1, b > 0, det(b1) = det(bs) = 1}.
e [Garg, Gurvits, Oliveira, Wigderson (2016,2020)]
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Fuglede-Kadison determinant of matrix-valued semicirculars =~ Steps in the proof of the first main theorem

The selfadjoint, doubly stochastic case
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Fuglede-Kadison determinant of matrix-valued semicirculars =~ Steps in the proof of the first main theorem

The selfadjoint, doubly stochastic case

Proposition (M., Speicher (2024))
Consider a selfadjoint matrix-valued semicircular element

S=a1®s1+-+a,®s, for ay,...,an € My(C)g,
with the associated self-dual covariance map

n: Mn(C) = Mpy(C), b— Zaibai.
1=1

If n is doubly stochastic, that is, if 7(1,,) = 1,,, then ug is the standard
semicircle distribution [Nica, Shlyakhtenko, Speicher (2002)] and thus

A(S) = e 2.
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S=a1®s1+-+a,®s, for ay,...,an € My (C)s,
with the associated self-dual covariance map

n: Mn(C) = Mpy(C), b— Zaibai.
1=1

If n is doubly stochastic, that is, if 7(1,,) = 1,,, then ug is the standard
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Fuglede-Kadison determinant of matrix-valued semicirculars =~ Steps in the proof of the first main theorem

The selfadjoint, doubly stochastic case

Proposition (M., Speicher (2024))

Consider a selfadjoint matrix-valued semicircular element
S=a1®s1+-+a,®s, for ay,...,an € My (C)s,

with the associated self-dual covariance map

n: Mn(C) = Mpy(C), b— Zaibai.
If n is doubly stochastic, that is, if 7(1,,) = 1,,, then pg is the standard
semicircle distribution [Nica, Shlyakhtenko, Speicher (2002)] and thus
A(S) =e2.

dus(t) = 3=vV4 — 12 1|_ 9/(t) dt yields duyg)(t) = 2v/4 — 12 1 9 (t) dt;
hence, we get A(S) = exp ( f[o 9] log(t) dps|(t)) = e 3. O

N
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Indecomposable positive linear maps

Definition (Gurvits (2004))
A positive linear map 7 : M, (C) — M,,(C) is said to be
@ doubly stochastic if both n(1,,) = 1,, and n*(1,,) = 1,;
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Indecomposable positive linear maps

Definition (Gurvits (2004))

A positive linear map 7 : M, (C) — M,,(C) is said to be
@ doubly stochastic if both n(1,,) = 1,, and n*(1,,) = 1,;
@ rank non-decreasing if rank(n(b)) > rank(b) for all b > 0;
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Indecomposable positive linear maps

Definition (Gurvits (2004))

A positive linear map 7 : M, (C) — M,,(C) is said to be
@ doubly stochastic if both n(1,,) = 1,, and n*(1,,) = 1,;
@ rank non-decreasing if rank(n(b)) > rank(b) for all b > 0;

© indecomposable if rank(n(b)) > rank(b) for all b > 0 which satisfy the
condition 1 < rank(b) < m.

v
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Indecomposable positive linear maps

Definition (Gurvits (2004))

A positive linear map 7 : M, (C) — M,,(C) is said to be
@ doubly stochastic if both n(1,,) = 1,, and n*(1,,) = 1,;
@ rank non-decreasing if rank(n(b)) > rank(b) for all b > 0;

© indecomposable if rank(n(b)) > rank(b) for all b > 0 which satisfy the
condition 1 < rank(b) < m.

Proposition (Gurvits (2004))
@ 17 is rank non-decreasing if and only if cap(n) > 0.
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Indecomposable positive linear maps

Definition (Gurvits (2004))

A positive linear map 7 : M, (C) — M,,(C) is said to be
@ doubly stochastic if both n(1,,) = 1,, and n*(1,,) = 1,;
@ rank non-decreasing if rank(n(b)) > rank(b) for all b > 0;

© indecomposable if rank(n(b)) > rank(b) for all b > 0 which satisfy the
condition 1 < rank(b) < m.

Proposition (Gurvits (2004))
@ 17 is rank non-decreasing if and only if cap(n) > 0.

@ 1) is indecomposable if and only if there is a unique positive definite
matrix ¢ € M,,(C) with det(c) = 1 and det(n(c)) = cap(n).
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Indecomposable positive linear maps

Definition (Gurvits (2004))

A positive linear map 7 : M, (C) — M,,(C) is said to be
@ doubly stochastic if both n(1,,) = 1,, and n*(1,,) = 1,;
@ rank non-decreasing if rank(n(b)) > rank(b) for all b > 0;

© indecomposable if rank(n(b)) > rank(b) for all b > 0 which satisfy the
condition 1 < rank(b) < m.

Proposition (Gurvits (2004))
@ 17 is rank non-decreasing if and only if cap(n) > 0.

@ 1) is indecomposable if and only if there is a unique positive definite
matrix ¢ € M,,(C) with det(c) = 1 and det(n(c)) = cap(n).

© If n is indecomposable (and hence rank non-decreasing), then
My(-1/2,612 + Min(C) = Min(C), b= n(c) ™0 (cM b ?)n(c) /2
is doubly stochastic.
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Operator scaling

Definition (Gurvits (2004))

For a positive linear map 7 : M,,,(C) — M,,,(C) and arbitrary matrices
c1, ¢ € M,,(C), we define the operator scaling

Neres : Mm(C) = Mp,(C), b cin(czbea)c].
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Operator scaling

Definition (Gurvits (2004))

For a positive linear map 7 : M,,,(C) — M,,,(C) and arbitrary matrices
c1, ¢ € M,,(C), we define the operator scaling

Ney ey @ Mm(C) = My (C), b cin(czbeg)c].

Lemma (M., Speicher (2024))

Let S =>"",a; ®s; be a matrix-valued semicircular element with the
associated pair (n,n*) of dual covariance maps and let ¢;, c2 € M,,(C).
Then the associated pair of dual covariance maps of

n

S = Z(ClaiCQ) R s;
i=1
is given by (7c; oy (7")e.c;) and we have that

A(S) = | det(c1)|m | det(ca)|m A(S).
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Hermitization

Lemma (M., Speicher (2024))

Let S =", a; ®s; be a matrix-valued semicircular element with the
associated pair (n,n*) of dual covariance maps n,n* : M,,(C) — M,,(C).
The selfadjoint My, (C)-valued semicircular element defined by

h . = 0 a; ;
B = z; [af 0] ® 8;
has the self-dual covariance map 7" : My,,(C) — M>,,(C) given by
o <[b11 le]) _ [77(522) P(bzl)}
ba1  ba2 p*(b12) 1" (b11)

with p(b) := Y7 | a;ba;. We call S® the hermitization of S. Then

A(SP) = A(S).
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The indecomposable case

Proposition (M., Speicher (2024))

Let S =3"",a; ®s; be a matrix-valued semicircular element for which
the associated covariance map 7 : M, (C) — M, (C), b — > azbaf is
indecomposable (and hence rank non-decreasing). Then we have that

A(S) = cap(n)Fme” 2.
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The indecomposable case

Proposition (M., Speicher (2024))

Let S =3"",a; ®s; be a matrix-valued semicircular element for which
the associated covariance map 7 : M, (C) — M, (C), b — > azbaf is
indecomposable (and hence rank non-decreasing). Then we have that

A(S) = cap(n)Fme” 2.

@ Take ¢ > 0 with det(c) = 1 and det(n(c)) = cap(n). Then the
operator-scaling 7 := Mn(c)=1/2,c1/2 is doubly stochastic and for the

corresponding matrix-valued semicircular element S, we get

A(S) = det(n(c))zm det(c) " 2n A(S) = cap(n)z= A(S).

Tobias Mai (Saarland University) Fuglede-Kadison determinant August 2, 2024



Fuglede-Kadison determinant of matrix-valued semicirculars =~ Steps in the proof of the first main theorem

The indecomposable case

Proposition (M., Speicher (2024))

Let S =3"",a; ®s; be a matrix-valued semicircular element for which
the associated covariance map 7 : M, (C) — M, (C), b — > azbaf is
indecomposable (and hence rank non-decreasing). Then we have that

A(S) = cap(n)Fme” 2.

@ Take ¢ > 0 with det(c) = 1 and det(n(c)) = cap(n). Then the
operator-scaling 7 := Mn(c)=1/2,c1/2 is doubly stochastic and for the

corresponding matrix-valued semicircular element S, we get
A(S) = det(n(c)) T det(c)~2m A(S) = cap(n) 2= A(S).
o For the hermitization S", we have A(S) = A(Sh).
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The indecomposable case

Proposition (M., Speicher (2024))

Let S =3"",a; ®s; be a matrix-valued semicircular element for which
the associated covariance map 7 : M, (C) — M, (C), b — > azbaf is
indecomposable (and hence rank non-decreasing). Then we have that

A(S) = cap(n)Fme” 2.

@ Take ¢ > 0 with det(c) = 1 and det(n(c)) = cap(n). Then the
operator-scaling 7 := Mn(c)=1/2,c1/2 is doubly stochastic and for the

corresponding matrix-valued semicircular element S, we get
A(S) = det(n(c)) 2= det(c)"2m A(S) = cap(n) 2 A(S).
o For the hermitization S", we have A(S) = A(Sh).
o Then 7" satisfies 71 (12y) = 1om; hence, A(S?) = e s,
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The general case: proof of the lower bound

Let S =3"",a; ®s; be a matrix-valued semicircular element with the
associated pair (n,n") of dual covariance maps.
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The general case: proof of the lower bound

Let S =3"",a; ®s; be a matrix-valued semicircular element with the
associated pair (n,n") of dual covariance maps.
e Without loss of generality, we may assume that cap(n) > 0.
w  [M., Speicher, Yin (2023)]
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The general case: proof of the lower bound

Let S =3"",a; ®s; be a matrix-valued semicircular element with the
associated pair (n,n") of dual covariance maps.

e Without loss of generality, we may assume that cap(n) > 0.
w  [M., Speicher, Yin (2023)]

o Let S° be a selfadjoint matrix-valued semicircular element whose
covariance map is the completely depolarizing channel

0 Mpy(C) = My (C), b trp (b) 1.

Suppose that S and S” are free with amalgamation over M, (C).
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The general case: proof of the lower bound

Let S =3"",a; ®s; be a matrix-valued semicircular element with the
associated pair (n,n") of dual covariance maps.

e Without loss of generality, we may assume that cap(n) > 0.
w  [M., Speicher, Yin (2023)]

o Let S° be a selfadjoint matrix-valued semicircular element whose
covariance map is the completely depolarizing channel

0 Mpy(C) = My (C), b trp (b) 1.

Suppose that S and S” are free with amalgamation over M, (C).

@ Fort >0, S; := S +/tS” is a matrix-valued semicircular element
with the associated pair (1, n;) of dual covariance maps given by

m(b) =) +tn’(b)  and i (b) =n"(b) + tn’(b).
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The general case: proof of the lower bound

Let S =3"",a; ®s; be a matrix-valued semicircular element with the
associated pair (n,n") of dual covariance maps.

e Without loss of generality, we may assume that cap(n) > 0.
w  [M., Speicher, Yin (2023)]

o Let S° be a selfadjoint matrix-valued semicircular element whose
covariance map is the completely depolarizing channel

0 Mpy(C) = My (C), b trp (b) 1.

Suppose that S and S” are free with amalgamation over M, (C).

@ Fort >0, S; := S +/tS” is a matrix-valued semicircular element
with the associated pair (1, n;) of dual covariance maps given by

m(b) =) +tn’(b)  and i (b) =n"(b) + tn’(b).

e Forall £ > 0, n is indecomposable. Thus, A(S;) = cap(nt)ﬁefz

Tobias Mai (Saarland University) Fuglede-Kadison determinant August 2, 2024 19/25
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The general case: proof of the lower bound

e Since n; > 1, we get cap(n;) > cap(n) for all t > 0.
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The general case: proof of the lower bound

e Since n; > 1, we get cap(n;) > cap(n) for all t > 0.
o We have ||} — || =t and hence lim;~ g |7 — n"| = 0. It follows
that the hermitizations S)' converge in distribution to S as ¢ \, 0.
e [Banna, M. (2023)]
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The general case: proof of the lower bound

e Since n; > 1, we get cap(n;) > cap(n) for all t > 0.
e We have ||n! — n"|| =t and hence limy o || — n"|| = 0. It follows
that the hermitizations S)' converge in distribution to S as ¢ \, 0.
e [Banna, M. (2023)]

e We conclude that A(S) > Cap(n)ﬁe_% using the following result.

Proposition
Let 7,, (n € N) and T be positive operators in some tracial W*-probability
space (M, 7), such that (7},),en converges in distribution to T, that is
lim 7(T%) = 7(T*)  forall k € N.
n—oo

Assume that all 7}, and T have trivial kernel and that sup,, ||7},| < cc.

Then we have
A(T) > limsup A(T},).

n—o0
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Positive maps close to being doubly stochastic
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Positive maps close to being doubly stochastic

Definition (Gurvits (2004))
For a positive linear map 7 : M,,,(C) — M,,,(C), we define

ds(n) := Tryy, ((n(lm) - 1m)2) + Trp, ((n*(lm) - 1m)2)~
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Positive maps close to being doubly stochastic

Definition (Gurvits (2004))
For a positive linear map 7 : M,,,(C) — M,,,(C), we define

ds(n) := Tryy, ((n(lm) - 1m)2) + Trp, ((n*(lm) - 1m)2)~

Note: 7 doubly stochastic <= ds(n) =0
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Positive maps close to being doubly stochastic

Definition (Gurvits (2004))
For a positive linear map 7 : M,,,(C) — M,,,(C), we define

ds(n) := Tryy, ((n(lm) - 1m)2) + Trp, ((n*(lm) - 1m)2)~

Note: n doubly stochastic <= ds(n) =0

Proposition (Garg, Gurvits, Oliveira, Wigderson (2020))

Let n : M,,(C) — M,,(C) be completely positive with cap(n) > 0 and let
¢ > 0 be an “approximate minimizer” of cap(n) in the sense that

—s , det(n(c))

cl) = @ det(c)

for some § € (0, £]. Then
dS(Un(C)—1/2761/2) = ez, ((Cn*(n(c)fl) = lm)2) < 69.

Reca”: 777](6)_1/2761/2 (b) — 77(6)_1/2,’7(61/21)61/2)7’/(6)_1/2
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The general case: proof of the upper bound
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The general case: proof of the upper bound

Let S =)""a; ®s; be a matrix-valued semicircular element with the
associated pair (1, n*) of dual covariance maps. Suppose cap(n) > 0.
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The general case: proof of the upper bound

Let S =)""a; ®s; be a matrix-valued semicircular element with the
associated pair (1, n*) of dual covariance maps. Suppose cap(n) > 0.
e For ¢ € (0, %] choose an “approximate minimizer” ¢5 > 0 of cap(n) in
the sense that

L det(ncs)

cap(n) 2 €% =)
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The general case: proof of the upper bound

Let S =)""a; ®s; be a matrix-valued semicircular element with the
associated pair (1, n*) of dual covariance maps. Suppose cap(n) > 0.

e For ¢ € (0, %] choose an “approximate minimizer” ¢5 > 0 of cap(n) in
the sense that

5 det(n(es)
det(cy)

~1/2 (1/2; then ds(ns) < 6.

cap(n) > e

@ Define 15 := Moes)

Tobias Mai (Saarland University) Fuglede-Kadison determinant August 2, 2024 22 /25



Fuglede-Kadison determinant of matrix-valued semicirculars =~ Steps in the proof of the first main theorem

The general case: proof of the upper bound

Let S =)""a; ®s; be a matrix-valued semicircular element with the
associated pair (1, n*) of dual covariance maps. Suppose cap(n) > 0.

e For ¢ € (0, é] choose an “approximate minimizer” ¢5 > 0 of cap(n) in
the sense that

5 det(n(es)
det(cy)

~1/2 (1/2; then ds(ns) < 6.

cap(n) > e

@ Define 15 := Moes)

@ For the corresponding matrix-valued semicircular element S;, we get

A(S) = (HGHBD) ™ A(S)) < caplo) e AGy),
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The general case: proof of the upper bound

Let S =)""a; ®s; be a matrix-valued semicircular element with the
associated pair (1, n*) of dual covariance maps. Suppose cap(n) > 0.

e For ¢ € (0, é] choose an “approximate minimizer” ¢5 > 0 of cap(n) in
the sense that

5 det(n(es)
det(cy)

@ Define 55 := 1777(06),1/2 A2 then ds(n;) < 60.
Cs

cap(n) > e

@ For the corresponding matrix-valued semicircular element S;, we get

A(S) = (HGHBD) ™ A(S)) < caplo) e AGy),

From lim ds(ns) = 0, it follows that lim ds(n}) = 0.
e From Nim s(ns) = 0, it follows tha Nim s(ng) =0
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The general case: proof of the upper bound

Let S =)""a; ®s; be a matrix-valued semicircular element with the
associated pair (1, n*) of dual covariance maps. Suppose cap(n) > 0.

e For ¢ € (0, é] choose an “approximate minimizer” ¢5 > 0 of cap(n) in
the sense that

5 det(n(es)
det(cy)

~1/2 (1/2; then ds(ns) < 6.

cap(n) > e

Define ns := Moes)

For the corresponding matrix-valued semicircular element S;, we get

A(S) = (HGHBD) ™ A(S)) < caplo) e AGy),

From lim ds(ns) = 0, it follows that lim ds(n}) = 0.
rom Nim s(ns) = 0, it follows tha Nim s(ng) =0

F lim ds(n?) = 0, we infer that li D(19,.) — 19| = 0.
rom limy s(15) we infer tha &gll%( 2m) — Lom|
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The general case: proof of the upper bound

@ Since %i{% |78 (19,) — 1om|| = 0, the next proposition shows that the

hermitizations S}; converge in distribution to a standard semicircular
element s as 6 \ 0.
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The general case: proof of the upper bound

@ Since %i{% |78 (19,) — 1om|| = 0, the next proposition shows that the

hermitizations S(}; converge in distribution to a standard semicircular
element s as 6 \ 0.

Proposition (M., Speicher (2024))

Let S =", a; ® s; be selfadjoint with the associated self-dual covariance
map 7 : My, (C) = My, (C),b— > | a;ba;. For all k € N, we have

\(trm en)s™) - |

=2

k—1
2 dﬂs(t)’ < ck(z ||77|V> I7(Lm) = Lol
7=0

where C}, denotes the k-th Catalan number.
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The general case: proof of the upper bound

@ Since %i{% |78 (19,) — 1om|| = 0, the next proposition shows that the

hermitizations S(}; converge in distribution to a standard semicircular
element s as 6 \ 0.

@ We infer that lim sup A(gg) = lim sup A(§(};’) < A(s) =€ 2.
5\0 5\0

[NIES

Proposition (M., Speicher (2024))

Let S =", a; ® s; be selfadjoint with the associated self-dual covariance
map 7 : My, (C) = My, (C),b— > | a;ba;. For all k € N, we have

=2

\(trm or)(s) - [ S dﬂs(t)’ < ck<kzo Il ) (L) = 1

where C}, denotes the k-th Catalan number.
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The general case: proof of the upper bound

@ Since %i{% |78 (19,) — 1om|| = 0, the next proposition shows that the

hermitizations S(}; converge in distribution to a standard semicircular
element s as 6 \ 0.

o We infer that lim sup A(S5) = lim sup A(§(};’) < A(s) = ez,
5\ S\
15

e Since A(S) < cap(n)zm ezm A(Ss), we get A(S) < cap(n)%e_ :
Proposition (M., Speicher (2024))

Let S =37, a; ® s; be selfadjoint with the associated self-dual covariance
map 71 : My, (C) = M, (C),b— > | a;ba;. For all k € N, we have

=

(5™ - [ #*dut ]<ck<2||n|v>||n ) — 1l

—2

where C}, denotes the k-th Catalan number.
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Fuglede-Kadison determinant of matrix-valued semicirculars = The second main result

A lower bound for the capacity

Theorem (M., Speicher (2024))

Consider a completely positive map of the form
n
n: Mu(C) = Mu(C), b > aba}  with a; € M (Z).
i=1

If n is rank non-decreasing then cap(n) > 1.

w  [Garg, Gurvits, Oliveira, Wigderson (2016,2020)]
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Fuglede-Kadison determinant of matrix-valued semicirculars = The second main result

A lower bound for the capacity

Theorem (M., Speicher (2024))

Consider a completely positive map of the form
n
N Mu(C) = Mu(C), b > aba}  with a; € My (Z).
i=1

If n is rank non-decreasing then cap(n) > 1.

w  [Garg, Gurvits, Oliveira, Wigderson (2016,2020)]

e Consider T := )", a; ® u; in (M (C) ® L(Fy,), try, 7).
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A lower bound for the capacity

Theorem (M., Speicher (2024))

Consider a completely positive map of the form
n
n: Mu(C) = Mu(C), b > aba}  with a; € M (Z).
i=1

If n is rank non-decreasing then cap(n) > 1.

w  [Garg, Gurvits, Oliveira, Wigderson (2016,2020)]

e Consider T := )", a; ® u; in (M (C) ® L(Fy,), try, 7).
@ Since the determinantal conjecture is true for F,,, we have A(T) > 1.
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Fuglede-Kadison determinant of matrix-valued semicirculars = The second main result

A lower bound for the capacity

Theorem (M., Speicher (2024))

Consider a completely positive map of the form
n
N Mu(C) = Mu(C), b > aba}  with a; € My (Z).
i=1

If n is rank non-decreasing then cap(n) > 1.

w  [Garg, Gurvits, Oliveira, Wigderson (2016,2020)]

e Consider T := )", a; ® u; in (M (C) ® L(Fy,), try, 7).
@ Since the determinantal conjecture is true for F,,, we have A(T) > 1.
o For b > 0 with det(b) = 1, define T := D o (n(b)*l/Qaibl/z) ® u;.
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Fuglede-Kadison determinant of matrix-valued semicirculars = The second main result

A lower bound for the capacity

Theorem (M., Speicher (2024))

Consider a completely positive map of the form

N Mu(C) = Mu(C), b > aba}  with a; € My (Z).
=1

If n is rank non-decreasing then cap(n) > 1.

w  [Garg, Gurvits, Oliveira, Wigderson (2016,2020)]

Consider T :=>"7" | a; @ u; in (M, (C) ® L(Fy,), try, ®7).
Since the determinantal conjecture is true for IF,,, we have A(7") > 1.
For b > 0 with det(b) = 1, define T := D o (n(b)*l/Qaibl/z) ® u;.

By multiplicativity, A(T) = det(y(b))~ 2= A(T) > det((b)) 2.
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Fuglede-Kadison determinant of matrix-valued semicirculars = The second main result

A lower bound for the capacity

Theorem (M., Speicher (2024))

Consider a completely positive map of the form
n
N Mu(C) = Mu(C), b > aba}  with a; € My (Z).
i=1

If n is rank non-decreasing then cap(n) > 1.

w  [Garg, Gurvits, Oliveira, Wigderson (2016,2020)]

Consider T :=>"7" | a; @ u; in (M, (C) ® L(Fy,), try, ®7).

Since the determinantal conjecture is true for Fy,, we have A(T) > 1.
For b > 0 with det(b) = 1, define T := D o (n(b)*l/Qaibl/z) ® u;.
By multiplicativity, A(T) = det(n(b))~zn A(T) > det(n(b)) 2.

e On the other hand, A(T)% = A(TT*) < (try, @7)(TT*) = 1. O
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Fuglede-Kadison determinant of matrix-valued semicirculars = Conjecture

Determinants of Gaussian block random matrices

e Letay,...,a, € M;,(C) be given such that the completely positive
map 7 : My, (C) — M, (C),b— > | a;ba} is rank non-decreasing.
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Fuglede-Kadison determinant of matrix-valued semicirculars = Conjecture

Determinants of Gaussian block random matrices

e Letay,...,a, € M;,(C) be given such that the completely positive
map 7 : My, (C) — M, (C),b— > | a;ba} is rank non-decreasing.
o Consider n independent GUE random matrices XEN), e ,X,(LN) and

the Gaussian block random matrix
AN =a1®X1(N) o tan® X,
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Fuglede-Kadison determinant of matrix-valued semicirculars = Conjecture

Determinants of Gaussian block random matrices

e Letay,...,a, € M;,(C) be given such that the completely positive
map 7 : My, (C) — M, (C),b— > | a;ba} is rank non-decreasing.
o Consider n independent GUE random matrices XEN), e ,X,(LN) and

the Gaussian block random matrix
AN =a1®X1(N) o tan® X,

There exists Ny such that for all N > Ny, Ay is almost surely invertible.
ww  [Collins, M., Miyagawa, Parraud, Yin (2024)]
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Fuglede-Kadison determinant of matrix-valued semicirculars = Conjecture

Determinants of Gaussian block random matrices

e Letay,...,a, € M;,(C) be given such that the completely positive
map 7 : My, (C) — M, (C),b— > | a;ba} is rank non-decreasing.
o Consider n independent GUE random matrices XEN), e ,X,(LN) and

the Gaussian block random matrix
AN=a1®X1(N)+--~+an®X§LN).

There exists Ny such that for all N > Ny, Ay is almost surely invertible.
ww  [Collins, M., Miyagawa, Parraud, Yin (2024)]

We claim that in the situation described above, we even have that

lim A(Ay) = cap(n)Tre 3,
N—o0

both in expectation and almost surely.
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Fuglede-Kadison determinant of matrix-valued semicirculars = Conjecture

Determinants of Gaussian block random matrices

e Letay,...,a, € M;,(C) be given such that the completely positive
map 7 : My, (C) — M, (C),b— > | a;ba} is rank non-decreasing.
o Consider n independent GUE random matrices XEN), e ,X,(LN) and

the Gaussian block random matrix
AN=a1®X1(N)+--~+an®X§LN).

There exists Ny such that for all N > Ny, Ay is almost surely invertible.
ww  [Collins, M., Miyagawa, Parraud, Yin (2024)]

We claim that in the situation described above, we even have that

lim A(Ay) = cap(n)Tre 3,
N—o0

both in expectation and almost surely.

Thank youl
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