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© Real roots of Hypergeometric polynomials.

© Ongoing and future work.
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Finite Free Probability
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Polynomials

P,(S) := monic polynomials of degree n with all its roots contained in the set S C C.

Given p € P,(C) we denote:
Roots:  Xi(p),..., \n(p).

Normalized k-th elementary symmetric sums of the roots:

ék(p)::(%) S n) )

k/ 1<ih<---<ix<n

p() =0~ M(p) =Zx"—k<—1)k(z>ék(p).

k=1

The empirical root distribution (zero counting measure) of p is

1 .
= ;6,\[(‘,). with moments mi(p) == me(pp) = Z()\ (p))~.
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Finite free additive convolution

Definition
Given p, g € P,, their finite free additive convolution is the polynomial pH, g € P,
with coefficients given by

é&(pHnq) = Z <I;>§i(P)~5j(q), for k=1,2,...,n.

i+j=k

Every p can be expressed as some differential operator P(%) applied to x":
o n
p(x) = P(Z)x"
Alternative definition of convolution:

P B, q(x) = P(5)Q(F)x"-

H, is a bilinear. (ap+q)B,r=a(pBrr)+ (qEnr)

The identity element is given by x".
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Finite free multiplicative convolution

Definition
Let p, g € P, their finite free multiplicative convolution is the polynomial pX, g € P,
with coefficients given by

ék(p X, q): ék(p)ék(q)7 for k = 1727"'7”'

X, is a bilinear.

The identity element is given by (x — 1)".

(Marcus, Spielman, Srivastava ’15) In terms of randomly rotated matrices. Let A and
B be n x n selfadjoint matrices with det(x/ — A) = p(x) and det(xl — B) = g(x). Then

[pBr g](x) = Eg[det(x] — (A+ QBQ"))]  and
[p X, g](x) = Eq[det(x/ — AQBQ™)]
where @ ~ Haar measure over orthogonal matrices.

Or @ ~ Haar measure over unitary matrices.
Or Q ~ uniformly distributed over signed permutation matrices.
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Real roots and Interlacing

These operations behave well with respect to real roots

p,qg €Py(R) = pH,qeP,(R). (Walsh '22)

p,qg €EP(Rso) = pHsqgePy(Rso).

pEP,(R), qeP,(Rso) = pK,qgeP(R). (Szegd '22)
p,q €EPr(Rso) = pK,ge€Py(Rso).

These operations preserve interlacing:
Given p, p € P,(R), we say that p interlaces p (denoted p < p) if

A(p) < Ai(p) < Xa(p) < Xa(p) < -+ < An(p) < An(p)

If p, P, g € Pa(R), then
psp = pH,qg < pHsgq

If p,p € Po(R), q,G € Pa(Rs0) then
pxp = plhg < pKhg.

99 = pl.g < pKygq.
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Finite free cumulants

If p € Py, the order n finite free cumulants of p, denoted fsg")(p), f-@g")(p), e, AL")(p), are
determined by the coefficient-cumulant formula
5 (p) = * EIVE (n) _
é(p) = o zp;k) n'"'M&b(0x, m)r5"’ (p), fork=1,2,...,n.
TE

Where Mob is the Mobius function in the lattice of set partitions.

Note: using a moment-coefficient formula (Newton identities) we can compute a
moment-cumulant formula.

(Arizmendi, P '16) For any p,q € P, and r = 1,...,n it holds that

K (p B q) = k17 (p) + £ ().
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Why finite free probability?

Let p = (pn)i21 and q = (gn);2; be sequences of polynomials with p,, g, € Pp(R), such
that their root distribution converge weakly to compactly supported measures
v(p),v(q) € Mc(R). Namely we have the convergence in moments:

o, —>v(p)  and  pg, — v(q).

Theorem (Arizmendi, P '16)
Then lim £{”(pn) = k., (v(p)).

Theorem (Marcus '16, Arizmendi, P '16)
Then HpaBnan — l/(p) H l/(q)

Theorem (Arizmendi,Garza-Vargas, P '21)

Then HpaRngn — V(p) X V(q)
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Hypergeometric polynomials
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Generalized hypergeometric series

Let a0 € R, a= (a1,...,a)) € R and b= (by,..., b;) € R/ be vectors of parameters.
The generalized hypergeometric series with the given parameters is

k

oo k
do, ad a x
"“Ff( ) Z Z KU
=0

where (a) = (a1)" (az)k. .(as) and (a ) =a(a+1)...(a+ k — 1) denotes the rising
factorial.

Examples:
0F0< ;X>:ZF26X
k=0
J— > J— — — — k
1,__0< a;X>:Z( a)( oz—i—l)..k.l( a+k—1)x — (1)
o k=0 :
—n,a " (—n)* (a)k x¥
l+1Fj X)) = = i
(579 =GN
a,...,a€C\{-1,-2,...,—n+1}, by,...bjeC\{-1,-2,...,—n+1,—n}.
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Hypergeometric polynomials

A convenient parametrizarion in finite free probability:

Definition (Hypergeometric polynomials)

Given i,j,n €N, a=(a1,...,a;) €R and b= (by,...,b;) € R/, we denote by
Hn [s] € P, the polynomial with coefficients

éx (Hn[:]) = E::;i, fork=1,...,n

where (n)% := "!k)! =n(n—1)---(n— k+ 1) is the falling factorial.

(n—

To avoid indeterminacy, we assume as & {2 ol s=1,...,i

,.,7,,’"'7

Direct connection with hypergeometric series:

Ho[2] 0o = ELG m (TR ).
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Finite free convolution of Hypergeometric polynomials

Theorem (Martinez-Filkenshtein, Morales, P '23+)

Consider tuples a1, a, as, b1, b, bs of sizes i1, o, i3, j1, j2, j3. Then,

@ Reciprocal polynomials:
X Ha [ 2] (/) = € Ha| 7] (1))
@ The multiplicative convolution is given by:
Mol 5] e ] = a2

© Assume that the following factorization holds,

—nb; —nby —nbs
lefl(_nal;X> szfz(_na2;X> = J'3Fia(_na3;x)v

and consider the signs s, = (—1)""*! for r = 1,2,3. Then the additive convolution
is given by

Mo 2] (50x) 8 Ha [ 2 (5220 = o | 2 (520
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Dirac polynomials and LLN

The simplest families of real rooted polynomials are:

Identity for the additive convolution
Ha[2](x) = x".
Identity for the multiplicative convolution
Hal 2] () = Ha| ~] () = (x = 1)".

A law of large numbers is valid for the finite free additive convolution [Marcus '21] and
the limiting polynomials are precisely

pn(x) = €"Ha [ = (x/) = (x = €)".

Notice that pp, = dc. So, trivially when n — oo the limiting measure is d..
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Laguerre polynomials and Poisson limit

Laguerre polynomials H, [ b ] ,

o Ha| *] € P(Ro0) when b>1-1 And 1, [ ] < Mo [ 75| when 0 < = < 2

° H,,[ ] € P(Rxo) when b e {1 2 ... =1} with a multiplicity of (1 — b)n at 0.

n’ n’

o?—[,,[ ]EP(R)WhenbE(" 2, o1y,

bes n) 0 N " P
€ — — — —
b=1-1 M =0 A2 A3 oo A
be(l1-2,1-1) M 0 A2 A3 An
bzl_g A=0=X )\3 Aa . An
hb=1—k A =0= X\ Ak+1 Akt2 D

n
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Asymptotic behaviour: Let

16 . VAR
Ly” := Dily, Hn[ } = nn?‘ln[_](nx),
For b > 1, the limiting measure (when n — c0) is the Marchenko-Pastur law pmp,:

dip, = 1 (ry —x)(x—r2)

dx, where  ri =b+142vVb.
27 X

For b € (0,1), in the limit we get the Marchenko-Pastur distribution with an additional
atom (mass point) at x = 0.

Cumulants: " (Hn[fD = b for all r.

So H[ 2] s ] _Hn["’t"]

Poisson limit: #, [1/"} (x—1), so

([ 1]) " =[]
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Bessel polynomials (reciprocal Laguerre polynomials)

Bessel polynomials are the reciprocal of Laguerre:
Ho[Z]=  cx H,,["’“_’l/"} (—1/x).

Real roots:
o Hn[,] € P(R<o) when a < 0.
o Ha[,] € P(R) when a € (0, 2).
Asymptotic behaviour: Let B”(x) := Dil,Ha[ ] = n"Ha[ 7] (x/n).
For a < 0, the limiting measure urmp, is the reversed of a Marchenko-Pastur law of
parameter 1 — a:

—a+/(r+ —x)(x—r=2) 1
d =— dx, where rp=—"".
HRwPs T i 212/1-a

27 x2

Curious fact: for b > 0
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Jacobi polynomials H,, [S}

R1. ’H,,[S] € P(R<o) when b > 1 and a < 0.

R2. Hn["] € P(R>0) when a< O and b< a—1.

R3. Ha[?] € P([0,1]) when b>1and a > b+ 1.
b

\
l///, SN

other regions: Hn ["{"] (x) = (x — 1)kx"
CN
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The asymptotic zero distribution up , := 1/(7-[,,[5}) depends on the region:
R1. When b > 1 and a <0,

Cax—1 VI—aFbb—a) \
L St N e oy PR |
e e Y e = ( Ls bl ﬁ)

R2. When a<0and b<a-—1.

2
—ax /(ry —x)(x —r2) ) b—1
dpps = — dx, with r+ = .
e 4w x—1 - V(@-1)b¥va—-b

R3. When b>1anda>b+1,

a /(= x)(x—r-) . B
dptb, = e <0 = %) dx, with ry =

<\/a—b:|: \/(a—l)b>2

The last distribution pp,, was studied in the realm of free probability in [Yoshida, '20].
For ¢, d > 1, the free beta distribution is given by f8(c, d) = pic,c+d-
Notice the identity:

Hal 4] B0 Ha[ ] =Ha[ €]
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Real roots of hypergeometric polynomials
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Application: Construct several hypergeometric polynomials that are real-rooted.

Idea: Use simple hypergeometric polynomial (Laguerre, Bessel, Jacobi) as building
blocks, and use finite free convolutions.

As a byproduct we get their asymptotic distribution.

P = Hn[bl, by, ..., bj}.

ar, a, ..., 3
Theorem

Ifby,...,bj>1and ay,...,a; <O, then

Po=Ha| 5| B B Ha [ 5| B Ha [ ] B, B Ha [ ] € Po(R50).

Moreover, the root distribution of p = (ps)n>1 converges to

v(p) = prmpay X - - - B prumpa; B pmpey -+ X pvipy, -

Theorem
Ifj >, bi,...,bj >0, and ay,...,a; € R such that as > bs + 1 fors =1,...,i, then

Pr=Ha[ 2] 8o B0 Mo [ 2] B0 Ha[ P2 - B Ha [ %] € Pa(ER0),

v(p) = fB(b1,a1 — b)) W--- W FB(bi, ai — bi) W pumpp,., B - - - X piwpe; -

v
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Some relations

@ Foraj,ax>1,b>a1+1,b>a+1,anda+a — b>1:
Ha 7520 B (Mo [*57] R0 Ha [ P72 ] ) = (Ha[ 3] B0 Ha | 2],
In the limit:

HMPay+a,—b B (FB(b — a1, a1) B pimpp—2,) = fB(a1, b — a1) X pamip, -
@ Fora,b>1,a>b+1:

(el oonl)™ =l 2y il

In the limit:
(fB(a, b) X pimps) ™ = £3(2b, a — b) X £3(2a, 2b) K jintpas -
@ Fora<Oand b< a—1:

1
Ho[5] BnHaols] = Hal %] B Han L +2b_7] X Hanl o]

In the limit:
LRMPa B tRMPE = latb,2a X fLatb 22126 B LtRMP2b.-
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Real zeros of 2]-"2<b by )

a by by Roots in
Re_nt1 (—=Zn) UR>o R>o R<o
{b + k} URS by 402 (=Zn) UR>o R>o R>o
Re_ni1 Reant2U{a—1,a—2,...} Rso Rso
(7n+1,7n+2) (7ZH)UR>71 R>0 R
(—n+1,—n+2) Resnpp2U{a—1,a—2,...} R>o R
Re_nt1 URSp4n—2 (—1,0) R>o R
k+1/2 2—b>00rl—bH >0 ]R>0 R>0
b1+k—1/2 (b2+t+1)/2 R>0 R>0
(b1+1)/2+k 2(b2 —1+t) Rso Rso
b1/2+k 2(b2-|—t)—1 Rso Rso
b, —1/2 2by — 2 (0,1) R
by —1/2 2by — 1 (-1,0) R
byt k—1/2 2b, — 2 (1/2,1) R
k112 1-bhor2—b (—1,0) R

In the table above k € Z, while t € Z, UR~ 2.
a ¢ (—Z), and the polynomial is of degree exactly n.
Moreover, a zero at x = 0 appears only when either b; € (—Z,).
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Real zeros of 3.F;

ai az by bo Roots in
Re—nt1 | Romingby,bp}4n—2 Rso R0 Rco
R by 4n—2 R b, 4n—2 Rso R0 Rso
Re_ni1 R<_ni1 Rso R0 Rso
IR<—n+1 IR<—n+1 IR>0 IR<min{al,a2}7n+2 IR<0
Re_ni1 Re_ni1 Recay—ns2 Recay—ns2 Rso
Re_n1 R py1n—2 Rea—ns2 R~ Rso
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Future work
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Ongoing and future research

o (Ongoing project) Convolution of polynomials of the form ’H,,[:](XZ).
o (Ongoing project) Detailed study of some specific interesting hypergeometric

polynomials, in connection with Multiple orthogonal families of polynomials.
@ Complete characterization of which

—n,a
2F2< by, by ;X>

polynomials are real-rooted.

o Complete characterization of which

—n,ai, a2
F ) I .
()

polynomials are real-rooted.

Finite free probability and hypergeometric polynomials



Thanks!

Finite free pr i ometric polynomials



