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Linearization



Why linearization shows up?

Consider 1) = (1 — z(XY + YX))~1. We have Ex(v) = 85 (v) + (85 @ Ex)[8x (¥)]-
We have 6 x (XY + YX) = 1@ XY + Y ® X hence o x () = 21 ® XY + 20 @ X



Two functionals:
Boolean cumulants with
products as entries



Two functionals

Blocked cumulant

Recall that on (C(X, Y), 1) we defined blocked Boolean cumulant 3 linear functional by
prescribing its values on monomials, we define

B?/(Ykoxkl Yk ... ykzn) _ ﬁ2n+1(yk°7xkl7 ykz’ s Yan)



Two functionals

Fully factored cumulant
On (C(X, Y), i) we define the fully factored Boolean cumulant 3° by prescribing its values
on monomials, for X € {X, Y} we define
/3?/(1) =1
ﬂf’(XhXiz T ka) - /Bk(Xil’XiZ’ 00 7Xik)'

if X;, = X;, = Y, and B%(P) = 0 for other monomials.



Boolean cumulants of products

Proposition

Let aj, a>,...,a, € A be random variables then
Bmt1(3132 3y, 3y +13c+2 " ** Adys + + - 5 Ay +13dp 42 * * * An) = E Br(a1,a2,...,an),
w€lnt(n)
wVp=1,

where p = {{1,2,...,di},{ch + 1,1 +2,...,cb},....{dn+1,...,n}} € Int(n).



Boolean cumulants with products as entries

Corollary

Let aj, a>, ..., a, € A consider partition

p={{1,....di},{di +1,....,db},....{dmn+1,...,n}} € Int(n). We write
p={B1,Bo,...,Bmi1}, where blocks are ordered in natural order. For j € {1,...,n} denote

by p(j) the number of block containing j, i.e. we have p(j) = k if j € By, then

ﬁm+1(3132 ©t 0 ddy; Ady+19di 42 Adyy - - -5 Adp+19d, 42 0 a,,)

= 5j(a1, a, ..., aj)ﬂm o(j) 1)(aj 14j4+2 " Ad, s+ -5 dp+1 """ a,,).
pU)
Je{1,...,n}\{di,d>,...,dn}



Product as entries via derivatives

Products via derivatives
For any P € C(X, Y) we have

)

BL(P) = e(P) + (8% ® B%)(6 x
Sx P).

P
=e(P)+ (Bx ®BX)(6x P



Two functionals:
Boolean cumulants with free
entries



VNRP

Theorem (Fevrier, Mastnak, Nica, Sz. and Jekel, Liu)

Subalgebras Ay, Ay, ..., As € M of a ncps (M, @) are free if and only if for any colouring
c:{1,...,n} —{1,...,s} we have

Bn(a1, a,...,ay) = Z Bx(a1,a2,...,an)

weNC(n) with VNRP

whenever a; € Ac(j). Here a partition 7 € NC™(n) is said to have VNRP if = < ker ¢ and
every inner block is covered by a block of different colour, i.e., ¢ induces a proper coloring on
the nesting tree of .



VNRP for alternating entries

Proposition
Let {a1,as,...,a,} and {by, bs,...,b,_1} be free, n > 1. Then

B2n—l(ala bl7 <.y dn, bn—la an)

n k—1
= § : 2 : Bi(aj, aps - - -5 3jy) H ﬁ2(j£+1—jl)—1(bj/7ajl+1""7ajt7+1—17bj5+1—1)'
k=2 1=j<jp<--<jk=n =1



VNRP for alternating entries

Lemma

Suppose A, B C M are free and let a1, a,...,a, € A and by, by, ..., b,_1 € B. Assume

further that for each j = 1,2,...,n— 1 we have b; = cl(') e Cj(,-i) with cl(i), ey cJ-(ii) € B, then
we have
52n71(al7 b17 a, ..., bn717 an) = ﬁn+j1+...+jn71(317 C](_1)7 SR CJ'(11)> ag,..., C](_n71)7 D) Cjarijl)> an)'
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VNRP via derivatives

VNRP via derivatives
For any P € C(X, Y) we have

o0

BY(P) = e(P) + > Bi(X) [e ® (8%)™

k=1

= ® 6} (8§P)
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Example additive convolution

V=(1-2z(X+Y) " =32 (2(X+Y)".

First formula
BL(P) = e(P) + (8% ® BY)(6 x P).

Taking derivatives we obtain
Sx (W) =142U@ XV, by (¥)=1+2V0 YV,
Thus
Bx(V) = 1+ 283 (V)BX(XW),  BY(V) =1+ 2By(V)BY(YV).
Hence we obtain

B (W) = (1—zB8X(XW)) ", (W) = (1—z85(YW)) .
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Example additive convolution

Second formula

BU(P) = P)+ Y 6n(X) [e® (8)°" V0 ] (03P)

n=1

Y (XW) = 2" @ U 42XV @ W@ 95(YV) =211 Ve £ 2"YU g won,
Thus

Bx(XW) Zﬁn )" 12" = ix (2BY/(V)),

By (YV) Zﬁn )" 12" = Ty (283 (V).
Finally we obtain the following system of equations

Bxw) =7ix (z (1= 285 (vw)) ), BY(Yw) =iy (2 (1 28%(xw)) ). B



Statement on matrices

Proposition
Let M = My(C(X,Y)) and X, Y free with respect to u: M — C. Then

EM M) = 5™ (M) + (85 @ Ex) ™[5y (M)].
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Statement on matrices

Proposition
Let M € My(C(X,Y)), then we have

M) = (M) + (8% @ B (5 M)

—(N)
=M(M) + (Bx @ B%) (6 x M)
Proposition

Let M € My(C(X,Y)), then

oo

55 — (1) 1 S 50) [6 o (8)"* Vs E}(N) (oM (m)) .
k=1
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Examples




Anti—-commutator

Consider P(X,Y) = XY + YX then one has
Ex [(1 — 22(XY + YX)) '] = (1 — fyasz — 22X (fy 33 + fy.aa) — fy734X2z3)_1 ,
Ey [(1 — 22(XY + YX))il] = (1 = fx712z -2’y (fX711 9P fx_22) = fx721 Y2Z3)71 .
We find u,v € R* and Cx, Cy € R*** such that

(1—22(XY + YX)) L = ut(1 — z(CxX + CyY)) v = utW(z)v.
Then Ex [(1 — 22(XY 4+ ¥YX))7!] = ut]Eg(N)(\Il(z))v.

This result is obtained with the linearization involving the matrices
0 0

O = = O
= O O O
o O O O©
o O O

o O O o
o O O =
O = = O

0
0
0
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Anti—-commutator

We consider
o a5 (N)
Fx = % (XV¥(2))
~ N
Fv=6"(Yv(z))

Using kernels of matrices Cx and Cy we can reduce the size of matrices ,EX and F_y.

fxi1 fxi2 0 0 0 0 0 0

fxpo1 fx22 0 0 00 O 0
Fx = ’ ’ Fy =

0 0 0 0 0 0 fyss fyz

0 0 00 0 0 fyas fras

and show that they satisfy

nix (2Qx(1 — zCy Fy) ' Cx)
My (2Qy (1 — zCxFx) ' Cy),

Fx
Fy
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Anti—-commutator and commutator

Nica and Speicher proved that for symmetric distributions anti-commutator and commutator
in free variables have the same distribution.

Proposition

Assume that X, Y are free and symmetric, then

Ex[(1 — 2%i(XY — YX))7Y] = Ex[(1 — 22(XY + ¥YX))}]
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Free convolution without freeness

Proposition

Let X, Y be free, X semicircle of variance 1 and Y symmetric Bernoulli, the element

X + i(XY — YX) has semicircle distribution with variance 3. Moreover elements X and
i(XY — YX) are not free, while i(XY — YX) has semicircle distribution with variance 2.




Further examples in the paper

e R=X(1-X—Y) X, we find conditional expectation of 1) = (1 — zR)~! and
distribution of R, when X, Y are symmetric Bernoulli elements.

1000

0014 0016 0018 0.020

e P = XZYZX, we find conditional expectation of (1 — z°XZYZX)~! on X, Y, taking all
variables to be Bernoulli elements we have explicit formulas.
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Further examples

P =XYZ+ XZY 4+ YXZ 4+ YZX + ZXY + ZYX, where all variables are semicircle, the Cauchy
transform satisfies

2G(2)*22 +8G(2)°2+8G(2)* —3G(2)2° +32* =0

0.3

0.2 8
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Thank you!
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