
Free Integral Calculus

Franz Lehner & Kamil Szpojankowski

TU Graz & Politechnika Warszawa

December 4, 2023









Main Result

A = A1 ∗A2 ∗ · · · ∗An

T =
∑

Ci ⊗ ai a linear matrix pencil (ai ∈ Ai , Ci ∈ Mn(C))

I ⊔ J = [n] a partition

EI the conditional expectation onto B = ⋆i∈IAi

η̃i (z) =
∑∞

n=1
βn(ai )z

n−1 the shifted Boolean cumulant
generating function of the random variable ai

Then

EI

[(
I − z

∑
Ci ⊗ ai

)−1
]
=

(
I−z

∑

i∈I

Ci⊗ai−z

∑

j∈J

CjFj

)−1

where F1,F2, . . . ,Fn : C → Mn(C) constitute the unique analytic
fixed point of the system of equations

Fi = η̃i

(
z

(
IN − z

∑

j �=i

CjFj

)−1

Ci

)
for i = 1, 2, . . . , n




















