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Haar unitary and R-diagonal elements

We work in a tracial von Neumann algebra (M, 7). Namely, M is a
von Neumann algebra and 7 is a normal, faithful, tracial state on M.

Note: some results described in this talk have non-tracial versions,
but for simplicity we assume we are in the tracial setting.

A Haar unitary element is a unitary u € M so that 7(u"™) = 0 for all
n € Z\{0}. This entails that 7 of spectral measure of u is Haar
measure on the unit circle.

A circular element is z € M where Re z and Im z are free, centered
semicircular elements with the same second moment.

Theorem [Voiculsecu '90]

If z is a circular element, then it has polar decomposition z = u|z|,
where u is a Haar unitary and u and |z| are *-free from each other.
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R-diagonality

Free cumulants of a family of elements in M were introduced by
[Speicher '94].

[Nica, Speicher, '97] defined a € M to be R-diagonal if all the
cumulants of the pair (a,a*) vanish except for those corresponding to
alternating patterns (a,a*,...,a,a*) and (a*,a,...,a* a) of even
length.

Proposition [Nica, Shlyakhtenko, Speicher '01]

An element a € M is R-diagonal if and only if a has the same
x-distribution as uh (in some tracial von Neumann algebra), where u
is a Haar unitary, h > 0 and where u and h are x-free.

In particular, Haar unitary elements and circular elements are
R-diagonal.
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R-diagonality (alternative formulation)

Definition [Boedihardjo, D., '18]

Given € = (€(1),...,e(n)) € {1, x}", the maximal alternating interval
partition o(¢€) of € is the partition into the largest possible interval
blocks such that each block is alternating.

Eg., 62(@’3’&;) — o(e) = {{1,2,3},{4,5},{6,7}}.

Prop. (equivalent, mild reformulation of part of [NiShISp '01])

a € M is R-diagonal if and only if
(a) all odd alternating moments vanish
(b) Vn Ve € {1,%}",
@ (Hveo(e) ((Hg‘ev ae(j)) —¢ (Hjev Cf(j)))) = 0.
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Operator-valued noncommutative probability spaces

B-valued noncommutative probability spaces

Let (B, 7p) be a tracial von Neumann algebra. We work in a tracial,
B-valued W*-noncommutative probability space (A, £); this means
A is a von Neumann algebra containing B as a unital subalgebra and
€ : A — B is a normal, faithful conditional expectation such that
T=7gof is a trace on A.

B-valued *-moments

| A\

The B-valued x-moments of a € A are the multilinear maps
B x ---x B— B of the form

(bl, e ,bn_l) — 8(@6(1)1)1@6(2)()2 oo ae(n—l)bn_lae(n))

forn € N and € = (e(1),...,e(n)) € {1, x}".

N,

Dykema Operator valued February 2024 5/29



Operator-valued R-diagonal elements [Sniady, Speicher '01]

B-valued free cumulants were defined by [Speicher '98].

B-valued R-diagonal elements were defined [S;niady, Speicher '01] in
terms of B-valued cumulants.

Theorem [Sniady, Speicher '01]

An element a € A is B-valued R-diagonal if and only if there exists
an enlargement (A, €) of (A,€) and a unitary u € A such that

e 1 commutes with B,
o {u,u*} is free from {a,a*} (over B),
E(uF) = 0 for all k € Z\{0},

a and ua have the same B-valued x-moments.

|
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Operator-valued R-diagonal elements (2)

If a is a B-valued R-diagonal element with polar decomposition
a = vlal, then the partial isometry v is also B-valued R-diagonal.

Proof: The B-valued x-moments of v are determined by those of a.
But with u as in the previous theorem, a and ua have the same
B-valued *-monents. The polar decomopsition of ua is uv, so v and
uv have the same B-valued x-moments.

If a is a B-valued R-diagonal and if d is x-free from a (over B), then
ad is B-valued R-diagonal.

Proof: Let u be a Haar unitary commuting with B and x-free from
{a,d}. Then ua has the same x-moments as a, and ua is *-free from
d, so uad has the same *-moments as ad.

Dykema Operator valued February 2024 7 /29



Operator-valued R-diagonal elements (3)

Reformulation [Boedihardjo, D. '18]

An element a € A is R-diagonal if and only if

(a) all alternating moments of odd length vanish, for example those
of the form
E(abia*baabsa*bya),

(b) Vn Ve € {1,%}", Vby,...,b, € B,
el 11 [T | =& | T a“Pb; — )
Veo(e) JEV JEV

where o(€) is the maximal alternating interval partition
associated to e.

v

In particular, all B-valued *-moments of an R-diagonal element a are
determined by the alternating B-valued *x-moments.
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Operator-valued R-diagonal elements (4)

Thus, the x-moments of an R-diagonal element a are determined by
the x-moments having the even, alternating *-moments, denoted

Ozn(bl, NN bgn_l) = S(a*blabga*bg,a tee bgn_ga*bgn_la)

Bn(b1, ... bapn—1) := E(abra*baabsa™ - - - a*bap_oaba,—1a™).
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B-valued circular elements ([Sniady '03] ?)

A B valued circular element is an R-diagonal element z whose
B-valued cumulants vanish except for those of second order. In
practice, these are the completely positive maps B — B

a1(b) = E(2%bz), pi1(b) = E(zbz"),

and then the higher even, alternating moments are determined
recursively (via the moment-cumulant formula) for n > 2 by

an(b1,...,bp—1) =E(a*brabra™bza - - - bay_2a"byy,_1a)
=a1(b1)b2ay—1(b3,. .., bap_1)
n—1
+ ) ar(b1Bp-1(ba, -, bok—2)bak—1)bo
k=2 an—k(b2k+17 sy b2n71)

+ a1 (b1Bn—1(b2, ..., b2p—1)ban—1)

and likewise, reversing the roles of 5 and «.
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B-valued circular elements (2)

Given any two completely positive maps « and 31 from B to B,
there exists a unique corresponding B-valued circular element z such

that
a1 (b) = E(2"bz),  Bi(b) = E(2bz7).

Proposition [Boedihardjo, D. '18]

The B-valued circular element z can be realized in a tracial B-valued
W*-noncommutative probability space if and only if for a faithful
tracial state 7 on B, we have

7(1(b1)b2) = 7(b151(b2))

for all bl,bQ € B.
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Example [Boedihardjo, D. 18]

Take B = C? endowed with the equal weight trace and consider the
completely positive maps B — B

Al A
al()\la )\2) = (21) ?1 + )\2>

Br(A1, A2) = (Al * >\2,)\2> )

2

Let z be the corresponding (tracial) circular element. We compute
the distribution of z*z with respect to 75 o £ and see that it has zero
kernel, so it has polar decomposition z = u|z|, with u unitary.

We cannot have that v and |z| are x—free over B, because £1(1) =1
while a1 (1) # 1.

In the B-valued setting, circular elements and (more generally)
R-diagonal elements need not have free polar decompositions.
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Classes of B-valued Haar unitaries

We work in (A, E) as before.

Let u € A be a unitary element. We say u is

(a) a Haar unitary element if £(u™) = 0 for all n € Z\{0},

(b) a balanced unitary element if

S(uﬁ(l)blue(mbz e ue(”_l)bn_luﬁ(”)) = 0 whenever

#{j | e(j) ==} # #{jle(j) =1} and by,... b1 € B,
(c) an R-diagonal unitary element if u is also R-diagonal,

(d) a normalizing Haar unitary element if w is Haar unitary and if, for
some automorphism 6 of B and all b in B, u*bu = 6(b).

v

Theorem

(d) = (c) = (b) = (a), and none of the reverse implications
hold.

v
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Example: a Haar unitary that is not balanced

Let 7 be the trace on C(T) given by integration with respect to Haar
measure on the unit circle T. Let v € C(T) be the identity map on T
(thus, a Haar unitary with respect to 7). Let

A= My(C(T)) = M3(C) ® C(T) and let B C A be the diagonal
matrices having scalar entries, so B = C?. Let £ : A — B be

e((hi)) = (%" o)
Letp=1(11)andletu=p®v+(1—

unitary with respect to &, but £(uejju) =
balanced unitary.

p)® Then u is Haar
%((1) 01), so u is not a
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Example: a balanced unitary that is not R-diagonal

Let 7 be the canonical trace on C*(Z x Z), with v,w € C*(Z x Z)
commuting Haar unitaries. Let

A= My(C*(Z xZ)) = M3(C) @ C*(Z x Z) and let B C A be the
diagonal matrices having scalar entries, so B = C2. As before, let

E: A— Bbe
() =" 0)

andp=3(11). Letu=p@v+(1—p)@w. Thenitis
straightforward to compute that u is a balanced unitary, but when
by = by = b3 =1® 0 € B (identified with the matrix unit

e11 € M>(C)), we find

E((wbyu — E(ubyu)) by (ubsu® — E(ubsu®))) = = (§ %) # 0.

o =

Thus, u is not an R-diagonal element.
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Example: an R-diagonal unitary that is not normalizing

Let B = C? and let z be the B-valued circular element corresponding
to the maps

Al A
al()\la )\2) = (21) ?1 + >\2>

B1(A1, A2) = ()\1 + /\2,)\2) )

2

We know that z has polar decomposition z = u|z|, with u unitary.
By the Corollary to [Sniady, Speicher '01], this u is an R-diagonal
unitary element.
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Example: an R-diagonal unitary that is not normalizing (2)

However, if u were normalizing with w*bu = 6(b), then we would
have, for every z € A, £(x) =0 = E(uzu*) =0, since

(& (uzu®)*E(uru™)) = Tpof (ur*u*E(uaxu™)) = ol (z*u*E (uxu™)u)
=750 &(x0(E(uxu™))) = 75(E(x")0(E(uau™))) = 0.

This implies, for all z € A, &(uzu*) = 071(E(x)).

Now we get

E(22%bz2*) = E(ulzPu*bulz|*u*) = 071 (E(]2]20(b)|2|%))
= 07 E(2*20(D)2*2)).

However, £(zz*bzz*) and £(z*20(b)z*z) can be computed in terms
of the defining completely positive maps a1 and 1, and we easily see
that the above equality fails to hold (for both possible
automorphisms #) when b = (1,0) € B.
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Motivating Question: what can B-valued R-diagonal

unitaries look like if they are not normalizing?

One example: we understand the C2-valued circular element z of the
previous example quite well and we know z = u|z|, where u is an
R-diagonal unitary that is not normalizing (and also not free from

[21)-
We know the distribution of |z|? with respect to 75 0 £. Can we use

this to find the C2-valued distribution of |z| and thereby to describe
the C2-valued distribution of u?

Another idea: suppose there exists a B-valued circular element 2, and
suppose z = u|z| with u and |z| *-free over B. Let us call this a free
polar decomposition. Perhaps freeness would help us to find out more
about the x-moments of u from those of z. Of course, if u is already
normalizing (of B), then we are not so interested in this case.
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Bipolar decompositions

Unfortunately, we don't understand well, in terms of cumulants,
conditions for a polar decomposition of a B-valued R-diagonal to
have a free and normalizing unitary part. (There is a theorem in
[Boedihardjo, Dykema '18] that purports to do so, but it is erroneous.
See [erratum '23].) Instead, we turn to bipolar decompositions.

Definition

Let (A, &) be a B-valued W*-noncommutative probability space and
let a € A. A bipolar decomposition of a is a pair (u,x) of elements
in some B-valued W*-noncommutative probability space (A’, £’),
such that u is a partial isometry, x is self-adjoint and uz has the
same x-moments as a.

Bipolar decompositions are not unique. Examples include polar
decompositions. “Bipolar” refers to the positive and negative
directions of R. If (u,x) is a bipolar decomposition, then z = s|z| for
a symmetry (namely, a self-adjoint unitary) s that commutes with z.

Thus, (us)|x| is a polar decomposition.
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Bipolar decompositions (2)

A bipolar decomposition (u,z) in (A’,E’) of an element a is

e minimal if u*u equals the support projection of z;

e unitary if u is a unitary element;

e tracial if there is a normal tracial state 75 on B so that 75 o &’
is a trace on the x-algebra generated by w and z;

e standard if there is a symmetry s € A’ such that z = s|z| and
such that s commutes with x, with u and with every b € B;

e even if all odd moments of x vanish, namely, if
E'(xbyxbg - - - xbopx) = 0 for all n > 1 and by, ..., bey, € B.

e free if u and x are x-free over B (with respect to the conditional
expectation &’);

e normalizing if it is unitary and uw normalizes the algebra B,

namely, if u*bu = 6(b) for every b € B, for some automorphism
0 of B.
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Bipolar decompositions (3)

Every B-valued element, a, has a bipolar decomposition that is
standard, even and minimal. If a is tracial, then this bipolar
decomposition can also be taken to be tracial.

Proof: If a = vl|al is the polar decomposition, then take
u=v® (—v) and z = |a| ® (—|al).

Lemma on R-diagonal unitaries in bipolar decompositions

Suppose a B-valued R-diagonal element a has a bipolar
decomposition (v, x). Then a also has a bipolar decomposition
(v',2"), where 2’ has the same distribution as x and where v is
B-valued R-diagonal. Furthermore, if (v, ) is tracial, unitary,
minimal, standard, free or normalizing, then also (v/, ") can be taken
to be tracial, unitary, minimal, standard, free, or normalizing,
respectively.

v
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Free, normalizing bipolar decompositions of R-diagonals

Recall our notation for the even alternating moments:

Oln(bl, ceey bgnfl) = S(a*blabga*bga tee bzn,ga*bgn,la)

ﬂn(bl, ey bgnfl) = E(abla*bgabga* cee a*bgn,gabgn,la*).

Theorem [Boedihardjo, D. '18] (but using current terminology)

Let a be a B-valued R-diagonal element. Then a has a free,
normalizing bipolar decomposition (u,x) with corresponding
automorpihsm w*bu = 6(b) if and only if

an(b1,0(b2),b3,...,0(b2n—2),b2,-1)
= e(ﬁn(g(bl)a b27 9(b3)7 sy b2n—27 9(b2n—1)))

for all n and b1,...,b9,_1 € B.

If a is actually B-valued circular, then the above condition beomes
ay(b) = 0(51(0(b))) for all b € B.
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Example with a free normalizing bipolar decomposition but

no normalizing polar decomposition

Let z be a copy of Voiculescu's circular element (C-valued) in a
W*-noncommutative probability space (A, 79). Suppose (B, 7p) is a
tracial von Neumann algebra, B # C. Let (A, 1) = (Ao, 70) * (B, TB)
be the free product of von Neumann algebras and let £ : A — B be
the 7-preserving conditional expectation onto B. By [S/niady,
Speicher '01], a is also B-valued circular in (A, ), with
corresponding completely positive maps «a1(b) = 1(b) = 75(b)1. By
the previous Theorem, for every Tg-preserving automorphism 6 of B,
there is a free, normalizing bipolar decomposition (u,x) of a with
u*bu = 6(b) for all b € B. However, the polar decomposition of a is
a = v|a| with v € Ag that is Haar unitary with respect to 79. Thus, v
is free from B and cannot normalize B.
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More on that example

The previous example can be concretely realized in the free product
(over C)

(A, 7) = (B xgZ,go E) % (L>*[-2,2],72)

where E : B Xy Z — B is the conditional expectation and 7 is by
integration against Lebesgue measure. Let £ : A — B be the
T-preserving conditional expectation.

Now take a semicircular element z € L>°[—2,2] and a symmetry s so
that = s|z|. Let u € B %y Z be the Haar unitary implimenting 6.
Then z = us|x| is a circular element with respect to 7, is *-free from
B, us and |z| are x—free from each other and (u, x) is a free,
normalizing bipolar decomposition for z.
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But under a nondegeneracy condition:

Theorem

Let a be a B-valued random variable in a B-valued
W*-noncommutative probability space (A, ) and assume that either
of the subspaces

span {£((a*a)¥) | k > 0} or span {&((aa™)*) | k > 0}

is weakly dense in B. Suppose that a has free bipolar decompositions
(u,r) and (@, Z) in B-valued W*-noncommutative probability spaces
(A, E') and (A, E), respectively, with E faithful. Suppose u and @
are unitaries satisfying F’(u) = 0 = E(@) and suppose that u
normalizes B. Then % normalizes B, and induces the same
automorphism, namely, a*bu = u*bu for all b € B.
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Motivating question and answer in a special case

Suppose a tracial B-valued circular element a has a tracial, free,
bipolar decomposition (u, z) with u unitary. Must a also have a free
bipolar decomposition that is normalizing?

Note that under the nondegeneracy hypothesis, that
span {€((a*a)¥) | k > 0} or span {E((aa®)*) | k > 0}

is weakly dense in B, we would conclude that every free bipolar
decomposition of a is normalizing.

Yes, when B = CZ2. \
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The theorem covering the case B = C?

In particular, we prove that if a is tracial C2-valued circular in (A, )
with corresponding completely positve maps 1 and 51 and if a has a
free bipolar decomposition (u,x) with u unitary, then a; =600 ;06
for one of the two automorphisms 6 of C2.

Method of proof: arduous calculation.

Just to give a taste of this: the defining maps a1 and 31, as well as
the trace 7p, are defined in terms of certain parameters. Taking
a = uzx, we use the freeness assumption to obtain certain relations,
e.g.,

E((aa*)") = E(uE(@*Mu*) = E(ué((a*a)")u*)
and more complicated ones, e.g., involving &£((aa*)"(a*a)™(aa*)¥).
We can dispense with a degnerate case and assume without loss of
generality span {1p,(a*a)} = B. Using all of this and more, we
obtain some nasty-looking algebraic relations among the
aforementioned parameters. With help of Mathematica, we are able

to show that we must have a; = 6 o 31 o 8 for one of the 6.
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Open questions:

Assume that
span {€((a*a)¥) | k > 0} or span {E((aa®)*) | k > 0}

is weakly dense in B,

Suppose a tracial B-valued circular element a has a tracial, free,
bipolar decomposition (u, z) with u unitary. Must u normalize B?

Suppose a tracial B-valued R-diagonal element a has a tracial, free,
bipolar decomposition (u, ). Must its polar decomposition be free?
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